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SUMMARY

Motivated by the needs of seismic inversion and building on
our prior experience for fluid-dynamics systems, we present a
high-order discontinuous Galerkin (DG) Runge-Kutta method
applied to isotropic, linearized elasto-dynamics. Unlike other
DG methods recently presented in the literature, our method
allows for inhomogeneous material variations within each ele-
ment that enables representation of realistic earth models —
a feature critical for future use in seismic inversion. Like-
wise, our method supports curved elements and hybrid meshes
that include both simplicial and nonsimplicial elements. We
demonstrate the capabilities of this method through a series of
numerical experiments including hybrid mesh discretizations
of the Marmousi2 model as well as a modified Marmousi2
model with a oscillatory ocean bottom that is exactly captured
by our discretization.

INTRODUCTION

Full waveform seismic inversion demands flexible numerical
methods that can accurately handle strong inhomogeneities in
subsurface medium parameters. Building on our prior expe-
rience using discontinuous Galerkin (DG) methods for opti-
mal control of nonlinear fluid systems (Chen and Collis, 2004,
2008), our research team is investigating the potential of dis-
continuous Galerkin (DG) methods for time-domain full-wave-
form inversion. A companion abstract, (Collis et al., 2010),
demonstrates the ability of DG methods to effectively perform
acoustic inversion using both structured and unstructured grids
along with local polynomial refinement. In that work, we take
advantage of the fact that the partial differential equations gov-
erning acoustic wave propagation can be written in conserva-
tion form thereby allowing for arbitrary earth model variations
within each element.

Unfortunately, the equations for linearized, isotropic elasto-
dynamics are not readily cast in conservation form. However,
DG methods have, nevertheless, been recently applied to seis-
mic modeling by Dumbser, Késer and colleagues with a thor-
ough series of papers (Dumbser and Kiser, 2006; Kiser and
Dumbser, 2006; Kiser et al., 2007; Dumbser et al., 2007b;
Kiser et al., 2010) documenting various aspects of their DG
implementation combined with a Taylor-series time-integration
technique. In these papers, the authors apply discontinuous
Galerkin directly to the non-conservative equations of isotropic,
linear elasticity (even including the effects of attenuation (Kiser
et al., 2007) and poroelasticity (de la Puente, 2008)). In so do-
ing, they restrict their formulation to element-wise constant
media representations on simplicial meshes that allows them
to utilize a quadrature-free (Atkins and Shu, 1997) or, equiv-
alently, nodal DG method (Hesthaven and Warburton, 2008).
Such methods are well-known in the fluid-dynamics, aeroa-

coustics, and electromagnetics communities and are particu-
larly appealing for linear transport equations within constant
or piecewise constant materials. When applicable, these nodal
DG methods can lead to very efficient numerical implementa-
tions (Warburton, 2008).

The work of Kiser, Dumbser and colleagues has done an ex-
cellent job of showcasing the potential of nodal DG meth-
ods for homogeneous and nearly homogeneous earth models
(see, e.g., the simplified SEG Salt model shown in Késer et al.
2010). However, the restriction to piecewise constant media
parameters is a major limitation in accurately representing re-
alistic earth models since the element size required to capture
the media variations would likely be much smaller than that re-
quired to accurately represent the wave field — potentially nul-
lifying any computational advantage of the nodal DG formu-
lation. For this reason, Dumbser et al. (2007a) have recently
investigated high-order finite-volume methods for which the
cell size for the wave field (with high-order reconstruction) and
media would both be small and of similar size to that used for
time-domain finite difference methods. Unfortunately, Dumb-
ser et al. (2007a) show that even high-order finite volume meth-
ods tend to lose the impressive accuracy engendered by DG
formulations.

Since, our ultimate goal is to leverage the flexibility and ac-
curacy of DG methods for use in seismic inversion, this ab-
stract focuses on a different, so-called modal, DG formulation
that has been used extensively in the past by the second author
and collaborators in the context of nonlinear, fluid dynamics
simulation and control (Collis, 2002a,b; Collis and Ghayour,
2003; Chen and Collis, 2004, 2008). A modal DG method
presents a number of potential advantages including the abil-
ity to support variable media within each element, curved ele-
ment sides to better capture topology and geological features,
as well as support for non-simplicial (quadrilateral and hex-
ahedral) elements. We recently reported simple verification
studies for our DG implementation using manufactured solu-
tions of the acoustic wave equation (Ober et al., 2009). Sub-
sequently, the method has been validated in both 2d and 3d
against reference solutions and time-domain finite-difference
codes for both acoustic and elastic physics. Due to space limi-
tations, these studies are not reported here but will be summa-
rized in the associated presentation.

This abstract proceeds as follows. The next section introduces
the equations for linear elastodynamics including a brief de-
scription of our DG numerical formulation. This is followed
by numerical results that demonstrate the flexibility in how
earth models are parameterized, show the impact of choosing
different earth model representations, highlight the flexibility
in modeling complex geometric features, and illustrate the ad-
vantage of using an unstructured mesh to capture complex fea-
tures within an elastic media.
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NUMERICAL METHOD

The equations describing wave propagation in an isotropic,
linear-elastic media (LeVeque, 2002) are a non-conservative,
hyperbolic initial-value problem. In vector form, they are

U,+AU; =8 (1a)
U(x,0) =Up(x) atr=0 (1b)

subject to appropriate boundary conditions, where Ug(x) is the
initial condition, S is the source, (), denotes differentiation
with respect to time, () ; differentiation with respect to the ith
Cartesian spatial component, and Einstein summation conven-
tion is used for repeated subscripts. For brevity, we present
the formulation for two spatial dimensions. The extension to
three-dimensions is straightforward and our actual implemen-
tation is dimension independent. The state vector is comprised
of the dependent variables
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where the flux Jacobian is defined as
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and the flux vector in the ith-direction is F; = A;U.

In these expressions, 0;; = 0j; is the stress tensor, v; is the
particle velocity vector, and §;; is the Kronecker delta. The
three media parameters are: Lame’s first parameter, A; Lame’s
second parameter (shear modulus), it; and the specific volume,
v. These are related to the compressive wave speed, c,; shear
wave speed, c¢g; and mass density, p by A = p(clz, —2c2), u=
pczandv=1/p.

Equations (1) are solved on the spatial domain Q subject to
appropriate boundary conditions on I' = dQ. The domain is
partitioned into N,; sub-domains Q.. We use the DG method
to discretize in space leading to a system of ordinary differen-
tial equations in time. The DG formulation begins by seeking
solutions U € % on each element, where %/ is an appropriate
function space, and requiring that the residual be zero when
integrated against the weighting functions W € %/. Starting
from the strong-form (la), taking the inner-product with the
weighting function and integrating over an arbitrary element,
e, leads to

/ Ww. (U,’[ +A5U,[ — S) dQ.,=0. 4)
Q,

We require that the flux Jacobians A;, which are a function of
medium parameters, have sufficient smoothness within each
element so that we can integrate by parts (however, media
properties can have jumps on inter-element interfaces)

/ W-(U_,,—S)—(W~A,-)7,-U)d§26+/ W-F,dl'e =0 (5)
Q, L.

where F,, = F;n; is the flux in the direction of the outward
pointing unit-vector normal to the boundary. Replacing F,(U)
with a numerical flux F, (U, Uf), integrating by parts, and
summing over all elements leads to our discontinuous Galerkin
weak form

N
Z/ W (U, +AU; —S) dQ.+
e=0 Q.

Ne[
Z/ W-(Fn(Ue,Uf)an(U)) dr,=0.  (6)
e=0 e

The numerical flux ¥,,(U¢, U) plays the important role of prop-
agating information from one element to another where U¢ de-
notes the state interior to element e and U/ is the state on the
element adjacent to element e at each point on I'.. The proper-
ties of the numerical flux are essential to ensure stability of the
overall numerical method and the interested reader should con-
sult (Cockburn, 1999; Cockburn et al., 2000; Hesthaven and
Warburton, 2008; Toro, 1999). For discretization of conserva-
tion laws, the flux leaving one element is equal (but opposite in
sign) to the flux entering the neighboring element. Therefore,
the flux can be computed once at an element interface, negated
and assigned to the neighboring element flux for that particu-
lar interface. However, for non-conservative systems such as
linear elasticity, the flux at element boundaries must be com-
puted separately in each element. For the studies presented
here, we use Steger-Warming (SW) flux-vector splitting (Ste-
ger and Warming, 1981) which can be shown to be an exact
Riemann solver for the linear system of equations considered
here (Toro, 1999).

The boundary I = dQ is partitioned into free-surface, I'f,
and non-reflecting I, regions and boundary conditions are
enforced through the numerical flux by prescribing the exter-
nal state U/. On the free-surface, the external state is set to
the internal state but with components of the boundary normal
stress vector negated. A non-reflecting condition is approxi-
mated by setting the external state to zero and adding a sponge-
type (Grosch and Orszag, 1977) source term that damps wave-
field variables near the non-reflecting boundary. A point ex-
plosion source is modeled by adding a Dirac delta function at
the source location to the right hand side of the normal stress
equations with the time variation given by the integral of a
Ricker wavelet with peak frequency of 9.5 Hz and a time delay
of 0.2s.

To complete the spatial discretization, we approximate the func-
tion space %" ~ % using tensor products of orthonormal poly-
nomials of order p defined on the master element. Integrals
are evaluated using Gauss quadrature rules (Karniadakis and
Sherwin, 1999) where the physical space element is mapped
to the master element, in general, using an isoparametric map-
ping. The implementation is simplified for affine and sim-
plicial straight-sided elements which have constant Jacobian
mappings. Quadrilateral and hexahedral elements use tensor
products of Legendre polynomials and simplicial elements (tri-
angles and tetrahedra) use the orthonormal Dubiner polyno-
mial basis (Karniadakis and Sherwin, 1999). While modal
implementations have greater computational complexity than



Variable Media Elastic using Discontinuous Galerkin

Figure 1: Comparison of earth model representations: (a) 20 m uniform sampling, (b) p = 8 DG representation on a 7 = 100m

mesh, and (c) p = 0 DG representation on an 7 = 100 m mesh.
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Figure 2: Traces of vertical velocity for DG simulations using (a) variable media and (b) piecewise constant media representations

for different wavefield polynomial orders.

nodal implementations (Hesthaven and Warburton, 2008), they
readily allow for variable media within the elements as long as
spatial integrals are accurately computed. Our implementation
also allows both the polynomial order, p, and quadrature order,
g, to be varied element-by-element to better represent complex
geological formations. With the exception of curved-sided ele-
ments, the use of orthogonal polynomial representations leads
to identity mass matrices enabling efficient explicit time ad-
vancement. Curved elements require the solution of a local
mass-matrix that is factored during setup and back solved on
each time step. Our implementation supports a wide range of
both explicit and implicit time advancement methods. How-
ever, for the cases presented here, we used a three-stage, third-
order accurate Runge-Kutta method (Shu, 1988).

RESULTS

This section presents DG simulations for linear elasticity using
the Marmousi2 earth model (Martin et al., 2006) that describes
the elastic properties (p, cp, cs) of a geologically complex
sea bed below a 500 m deep ocean layer. To provide an ac-
curate model of the high-contrast interface between water and
rock, all meshes used herein are designed to capture the ocean-

bottom interface at an inter-element boundary. The seismic
source is located 100 m below the water surface and a repre-
sentative receiver is located 10 m below the surface and 1000 m
to the left of the source.

Medium Representation

Figure 1 presents three representations of ¢, on a 3000 m square
window of the Marmousi2 model starting at x,z = 8500,0 m.

Figure 1(a) shows a 20 m uniform down sampling of the origi-

nal 1.25 m Marmousi2 model and corresponds to the represen-

tation typically used in time-domain finite-difference methods

at this frequency. Figure 1(b) shows a DG representation us-

ing our variable media capability. The DG mesh consists of
a 30 by 30 array of 100 m square quadrilateral elements with

p = 8 polynomial representation that was selected to give ad-

equate wave field accuracy at this frequency. The 20 m down

sampled Marmousi2 model is then linearly interpolated on the

DG quadrature mesh leading to a model representation that is

similar in quality to that used in finite-difference methods. In

contrast, Figure 1(c) shows an element-wise constant medium

representation of the type required to use quadrature-free DG

(e.g., Késer and Dumbser (2006)). The piecewise constant rep-

resentation is unable to represent this complex geology and

may be inadequate in the context of inversion.
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(b)

Figure 3: Compressional wave speed, ¢, for a hilly representa-
tions of the Marmousi2 ocean bottom; (a) sine wave, (b) saw-
tooth. The amplitude is 25 m and the wave-length is 400 m.

To compare the differences in computed solutions, Figure 2
shows traces of vertical velocity at the receiver from DG simu-
lations for both our (a) variable media formulation and for (b)
piecewise constant media. In both cases, we used polynomial
refinement of the wave field p =5, 8,10, 12 and the close-ups
show that both solutions converge as polynomial order is in-
creased. However, comparing the overall traces in frames (a)
and (b) shows that the piecewise constant model converges to a
different solution from the variable media case which provides
a means to converge both the wave field and the model — a
critical feature for inversion.

Ocean Bottom

To demonstrate the ability of our DG formulation to accurately
represent complex topological features, we have applied a si-
nusoidal perturbation to simulate a “hilly” ocean bottom in the
Marmousi2 model. We exactly capture this water-rock inter-
face with an inter-element interface as shown in Figure 3(a).
For comparison, a straight-sided approximation, such as might
be used in a quadrature-free approach, is shown in Figure 3(b).
Vertical velocity traces are presented in Figure 4 where differ-
ences suggest the importance of accurately representing topo-
logical features within the earth model.

Unstructured Mesh

Our final demonstration uses a fully unstructured mesh (see
Figure 5(a)) of both triangular and non-affine quadrilateral el-
ements that not only captures the ocean bottom but several ma-
jor faults and high-contrast interfaces at inter-element bound-
aries. In so doing, the dynamics associated with these features
are accurately represented by our DG numerical method. A
snapshot of pressure is shown in Figure 5(b) demonstrating the
ability of the method to surgically capture important interfaces
at inter-element boundaries while also allowing variable media
properties within elements for a high-fidelity representation of
the earth model.
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Figure 4: Traces of vertical velocity for flat, sine wave and
sawtooth ocean bottom representations.
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Figure 5: Unstructured Marmousi2: (a) close-up of the hy-
brid mesh with nominal mesh size of 100 m and contours of
compressional wave speed cp; (b) pressure wave field for un-
structured mesh at = 1.25s.

CONCLUSIONS

A discontinuous Galerkin method for solving the equations of
linear isotropic elasticity has been presented. The formula-
tion is designed to accommodate variation of media parame-
ters within elements, curved elements and unstructured heter-
ogeneous meshes. We have demonstrated that each of these
important features of the formulation can produce results that
are significantly different from formulations that do not pos-
sess these capabilities suggesting that each of these capabili-
ties may be important for effective full waveform inversion of
elastic medium.
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