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Uncertainty Quantification for
Complex Coupled Systems
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Network Nuclear Power Plant Model

- =

r
1
I
1
I
L

COOLER
: S

Low-fidelity Network Plant Model

High-fidelity Multi-physics
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Li(ui(x),v2) =0, vz = Ga(uz)
Lo(vi,uz(x)) =0, v =Gi(u1)
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Finite Dimensional Coupled Network Systems

» Network system after discretization:

fi(ui,v2) =0, wy €R™, vy =ga(ug) €ER™2, f; : RMF™m2 5 R™
fa(vi,u2) =0, uz €R™, w1 =gi(u1) €ER™, fp:R™F"2 5 R"

1~mi,me LK ny,n2

« Variety of solution methods
— Successive substitution (Picard, Gauss-Seidel)
— Newton’s method (Full, inexact, JENK)

— Nonlinear elimination:
v1 — g1(u1(v2)) =0 s.t. fi(ug,v2) =0
vy — g2(uz(v1)) =0 s.t. fa(vi,uz) =0

! 1 —dgl/d’U2] [A’Ull - [’Ul — a1 (’lLl ('Ul))]
—dgz/dvy 1 Awvg v2 — g2(u2(v2))
i oo (O LS (510
d’l)2 . Bul Bul 8’02’ d’Ul o 8u2 Bug 8’01
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Polynomial Chaos Uncertainty
Propagation Framework

Steady-state spatially finite-dimensional stochastic problem:

Find w(&) such that f(u,£) =0 a.e., £ : Q2 — ' C R*, density p

Polynomial chaos approximation: P
Z =span{¥; : i =0,...,P} C L2(T) — u(§) = a(&) = ) _ u;¥;(¢)

Orthogonal polynomial basis of total order at most N: =0
(P, ¥;) = /F\Ilz(cc)\IlJ(a:)p(a:)dw = d0ij, 2,3 =0,...,P, P+1= <

Intrusive stochastic Galerkin (SG):

0 = Fi(uo, ..., up) = (F(a(£), )T (£)) = / f(a(x), 2)¥;(@)p(a)de = 0, i = 0,...,P

N—|—s>

S

* Non-intrusive polynomial chaos (NIPC)/spectral projection (NISP):

Q
U; = <u(€)qlz(€)> ~ Z 'wk:uk\]:’z(gk)’ f(ukvgk) =0,:=0,...,P, k=0,...,Q
k=0

Sandia National Laboratories



Stochastic Coupled Network Systems

* Introduce random variables: & = (§1,&2), |&1] = s1, |&2| = s2, |€] =5 =51+ 52

hi(v1,v2,§) = v1(§) — g1(u1(v2(€),£1),61) =0 s.t. fi(ui(§),v2(€),&1) =0
ha(v1,v2,€) = v2(€) — g2(u2(v1(£),82),82) =0 s.t.  fa(vi(§),u2(§),&2) =0

» Stochastic Galerkin network equations:

01(§) = v1,:¥;(§)
igo H, ;i = (h1(91(§),92(£),&)Pi(£))

S-t. H2,i = <h2(61(£)’ﬁ2(€)’£)\111(£)>

0 .
of’ 1=0,...,P

02(8) = Z v2,:P;(§)

» Stochastic Galerkin residual equations evaluated via NISP approach:
P Q
91(6) =) g1:%i(&) 91,6 = > wrgr(uf, €5 Wi (€%) st fa(uf,92(€%),65) =0, k=0,...,Q
=0 k=0
) o Q
g2(8) = 292,i‘1’i(€) g2,i = Z wrg2(us, E5)W;(€F) s.t. fa(01(€%),us,&5) =0, k=0,...,Q,
=0 k=0

Hl,i:vl,’i_gl,i’ ZIO,...,P
Hg,i:’vg’i—gz,i, ’I,:O,...,P

» Results in SG analog of deterministic network system »
— Allows similar nonlinear elimination approach |11} Sandia National Laboratories



Curse of Dimensionality

« At each iteration of the nonlinear elimination method, we will have
approximations to the coefficients

91(6) = > v1.Pk(£), 92(8) = ) v2xPr(£)

* Task is to then evaluate the coefficients

91(6) = D g1..Yk(€), 32(8) = D g2..Pk(§)
* where = =
g1 = g1(u1(v2(£)),&1), g2 = g2(uz2(vi(§)),&2)

» Requires solving sub-problems of larger stochastic dimensionality, e.g.,

Solve f1(u¥, 92(£%),¢%) =0 for {u*} given {v%¥}, k=0,...,Q
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The Key is Measure Transformation

Use coupling terms to define new random variables
Py

P
91(61,82) = > 916 Pk(€1,€2) — G1(0) = Y G1,ePu(M); 1 = (82(£1,82), 1)

— Fewer basis terms in expansion
— Less work to compute unknown coefficients

Must generate orthogonal polynomials & quadrature rules for new joint measure
— Components are dependent
— We don’t have the joint measure

What we can compute is expectation through transformation of measure
Q Q
[ £ndn= [ f@)de = 3wt () = Y wef ()

Can numerically approximate integrals with respect to unknown measure
— Compute inner products - generate new orthonormal bases via Gram-Schmidt
— Define quadrature rules for new basis that preserve discrete orthogonality
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Constructing a Reduced Basis

(Constantine et al, IJNME, 2014)

P
Given PCE ¢(¢) = Z vV (€) with m = |v| < s, and quadrature rule
k=0

{(wjagj):wj >0, :07"'3Q}9

Construct a new basis {®x(n): £k =0,..., P’} withn(¢) = 9(¢) and P < P

Q
such that »  w;®x, (N(&)) B, (M(&7)) = kyksy 0 < k1, k2 < P
Jj=0
Given polynomial order N/, define the matrix of m-variate monomials

with total order at most N’: V € R(QTLX(P'+1)
; ; N’ 4+m
Vii=mE)" - (&) st ly + -+l <N, P +1= ( )

m

Compute weighted QR factorization (e.g., weighted, modified Gram-Schmidt):
V=ZB st. Z"WZ =1, Z ¢ R(Q-l-l)X(P’—l—l)’ W = diag({w}) € R(Q+1)X(Q+1)

Entries of Z are new basis functions evaluated at quadrature points:
&, (n(&?)) = Zjp, j=0,...,Q, k=0,...,P.
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Constructing a Reduced Quadrature (1)

- Using measure transformation, original quadrature rule {(w;,n’ = n(gj)}?zo,
enables computing projections onto new basis.

— However this does not reduce computational work.

 |dea: Find a new set of weights{tbk}?zo with as many as zero as possible
— Drop quadrature points with zero weight to reduce cost

» Constraint: Quadrature rule must preserve discrete orthogonality

Q Q
Z WPk, (17) P, (0?) = Z W Zjty Zijky = Okyhy —> ZTWZ =1
Jj=0 j=0
* Define

A € R(Q+1)X(P,+1)2 s.t. Ajk: = ijIijz, 15 = (kﬁl, kz)
» Constraint is equivalent to

~

AT = ATw, where w = [wy,...,wg]T, W = [Wo,...,wq]".
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Constructing a Reduced Quadrature (2)

« Elements of A are polynomials of degree at most 2N’, so A is rank deficient
— Find a full rank set of columns Y via (weighted) column-pivoted QR

AIl=YS, YWY =1, Find largest R such that |S(R, R)| > TOL

« Compute new weights by solving

min 0T @
w T T
s.t. Yg w = Y; w,
w >0

* By using the simplex method, obtain a solution w. with exactly R nonzero
weights

— Solve for weights by finding feasible point using any suitable linear program solver,
e.g., Clp

» Resulting discrete orthogonality I — Z*W..Z controlled by TOL.

(1) sandia National Laboratories



Putting the Pieces Together

. Deﬁnej:{je{o,...,Q} : 'Lbj;éO}, |T| =R

* Given a mapping h = h(n(§)), with n(§) = v(£), we wish to compute

h(€) = hePr(g)
k=0

P/
e First compute h(n) = Z hi,®(n) with hy, = Z w;h(n?)®r(n’)
k=0 €T

Q Q
* Then hy = Y wsh(n(€))Tn(€) & > wih(n(€) Pa(&), k=0,...,P.
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Simple Composite Function Example

yi(xz) = z1, y2(x) = » h(y) = exp (y1 + y2) ,

Tensor-product Gauss-Legendre quadrature, QR tolerance = 10-12

N P+1 Q+1 P+1 R AU —pM| o  [|A0O — AWM |vec(I — ZTW Z)||

1 5 16 3 5 2.93E-02 2.93E-02 2.22E-16
2 15 81 6 12 3.58E-03 3.58E-03 2.10E-14
3 35 256 10 22 3.55E-04 3.55E-04 1.46E-12
4 70 625 15 47 2.94E-05 2.94E-05 1.37E-12
5 126 1296 21 101 2.09E-06 2.09E-06 1.83E-12
6 210 2401 28 188 1.30E-07 1.30E-07 2.55E-12
7 330 4096 36 346 7.18E-09 7.18E-09 3.81E-12
8 495 6561 45 587 3.58E-10 3.57E-10 6.10E-12
9 715 10000 55 941 1.62E-11 1.63E-11 2.62E-12
10 1001 14641 66 1425 0.00E+00 1.63E-12 2.70E-12
QR tolerance = 10

N P+1 Q+1 P+1 R [0 —p®™)|, [|AMO -, [vec(I — ZTW Z)| oo
1 5 16 3 5 2.93E-02 2.93E-02 2.22E-16
2 15 81 6 12 3.58E-03 3.58E-03 2.10E-14
3 35 256 [OR—2 3.55E-04 3.55E-04 1.46E-12
4 170 625 15 35 2.94E-05 2.94E-05 1.90E-11
SENID G106 0 150 2.09E-06 1.83E-06 2.28E-06
6 210 2401 IR () 1.30E-07 1.22E-07 4.02E-08
700330 4096m. . 36 mn 02 7.18E-09 4.24E-07 1.11E-06
8 495, 656170 il 16K 3.58E-10 4.23E-06 1.12E-03
9 715 10000 55 252 1.62E-11 3.86E-06 4.87E-06
10 1001 14641 66 475 0.00E+00 1.30E-05 3.85E-02
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Applying Dimension Reduction to Network
Systems (1)

» Recall stochastic network system:
hi(v1,v2,8) = v1(§) — g1 (w1 (v2(§),41),&1) =0 s.t. fi(ui(§),v2(£),61) =0
ha(v1,v2,8) = v2(§) — g2(u2(v1(§),£2),&2) =0 s.t.  fa(vi(§),u2(§),82) =0
 And it's stochastic Galerkin discretization:

01(€) = v1,; ¥4 (&)
2 Hl,z-z<h1(ﬁ1<s),@2<s>,s>%(s)>=0} o p

A P S Hy o = (ha(8:(€), 92(6), ) Wi(£)) = 0
02(€) = Z’Uz,i‘l’i(ﬁ)

» Stochastic Galerkin residual equations evaluated via NISP approximation for
each component:

P Q
91(8) = Y g1:%i(8) g1 = Y wrgr(uf, &) Ws(6*) st fi(uf,82(¢%),€8) =0, k=0,...,Q
1=0 k=0

P Q
Qz(f) == Zgz,i‘l’i(f) gz2,i = Z wkg2(u§a E’;)‘I'z(é'“) s.t. fz(ﬁl(E"’),U’z“,é';) =0, k=0,...,Q,

1=0 k=0
Hl,iz'vl,i—gl,i, ’LZO,...,P
Hz,i:vz,i—g2,,~, ’LZO,...,P

* Requires O(2*Q) internal solves
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Applying Dimension Reduction to Network
Systems (2)

At each step of nonlinear iteration, build reduced basis and quadrature for each
component separately:

n1(§

) 2(£),&1)
72 (5)

(v
('Ul (5)9 52)

 Build PCE for each component using reduced random variables
P
gi(n) =D §1:®ri(m) Gri= > Wirgi(uf, &) P1:(nf) st fi(uf, 92(6%),¢5) =0, ke T
1=0 keJ:

P2
G2(n) = §2:P2,i(M2) G2 = Y W1,kg2(us,£5)P2i(n) st fa(01(£¥),ub, €5) =0, ke T2
i=0 keJ:

 Project back to original PCE basis

P Q Q
91(6) =) _91,:%i(€) 91, = D wigr(uh, &) W(€F) = > wig (m(€°)) ¥i(€F)

P Q Q
92(8) =D 92,iWi(€) 92,6 = > wiga(ub, E5) Wi (&%) = > wiga(n2(€¥)) Ti(€F)
1=0 k=0

 Similar procedure for derivatives needed by nonlinear elimination method
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Application to Network-Coupled PDE Problem

* Incompressible fluid flow/heat transfer in a coupled
pipe-reactor with temperature source

— Implemented within Albany code (Salinger et al)
— https://github.com/gahansen/Albany

Pipe

- o N Vu + Vp = B(T — Tier)
—VAuU+u+Vu+ Vp = — dief)g
Reactor s L S QP U QRa
—kAT +~u- VT +T, =0
Tp = Tr
— — ) xr E Fl?
A . kVTp - -ny = kVTRg - -n;y
Q 2 -
Flu . ‘Fz TR =Tp
= = s &L = Fg.
kKVTR -ng = kKVTp - ng
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Discrete 2x2 Network Coupled System

« PDEs discretized via 1st order, stabilized FEM
— SUPG, PSPG stabilization
— Pipe: 40x4 cells, reactor 40x40 cells

* Pipe thermal diffusivity uncertain random field with exponential covariance
— Discretized with KL-expansion in s terms

o —'| Iy—y’l)

Cov.(x,y,x’,y'") =cexp | —
w(Tyy, ', y") p< I I

k(€)= p+ Z ki(z)&, & =U(-1,1).

» 2x2 network coupled system
— Neumann-to-Dirichlet maps

gi1(u1) — g2(u2) =0 f1(u1,v1,v2,§) =0

93(uz) — ga(u1) =0 p fa(uz,v1,v2) =0
g91(u1) = Tp|r,, g2(u2) = TRr|r, vy = KVT - nq|r,
gs(u2) = Trlr,, ga(u1) = Tp|r, vo = kVT - na|r,

(1) sandia National Laboratories



» Outer network system

" ‘Stochastic Network System

Stokhos instrusive stochastic Galerkin package (part of Trilinos)
Standard Newton iteration
GMRES linear solver, approximate Gauss-Seidel stochastic preconditioner, LU factorization of mean matrix

* |nner PDE solves http://trilinos.sandia.gov

Non-intrusive polynomial chaos at supplied quadrature points (tensor-product Gauss-Legendre)
Standard Newton iteration for each sample

GMRES linear solver, incomplete ILU preconditioner

Distributed memory parallelism (MPI), 8 processors

Coefficient of variation = 0.5, s = 3 random variables

Mean Std. Dev.
1 OT—mec” 20 T_std_dev
L \0"2\\\\\\\\\0"4\\ 06
0 26.38872 0 0.612347

T_std_dev
0.4456249

04

T_mean
18.734537

03
02

Eo‘ 1

o]
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Performance

Polynomial order N=N’=3

Time (sec) Reduced Time(sec)
s P+1 Q+1 P'+1 R Pipe Reactor Total Pipe Reactor Total
10 16 10 16 4 62 67 4 53 58
20 64 10 40 17 246 263 17 120 137

35 256 10 41 82 1052 1134 73 129 202
56 1024 10 SOREESDE 4051 4405 341 116 458

V) N SOV I\

Reactor time for reduced approach roughly constant with regards to number of
uncertain variables in pipe
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Concluding Remarks

UQ problems for multi-physics systems quickly become intractable
— Adding more components/physics increases stochastic dimensionality in all components

|Ideas studied here appear to help mitigate this
— UQ cost in each sub-problem approximately constant
— Rigorous error analysis is needed

Building method on tensor-product quadrature (to ensure positive weights) limits
scalability

|ldeas extend to e.g., sparse grids, but with challenges
— Non-positive weights lead to non-positive-definite inner product

— Can be mitigated by formulating basis reduction on PC coefficients instead of quadrature
values

* Inner products become standard dot-products on PC coefficients

— Modify reduced quadrature linear program by removing positivity constraint
» Enables other solution approaches, e.g., column-pivoted QR

— Requires sparse grid to preserve discrete orthogonality
» Can this be extended to Smolyak PCE approaches?

» So far only investigated “segregated solve” type methods
— Can this be incorporated into full Newton or JFNK methods?
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Embedded Stochastic Galerkin UQ Methods

» Steady-state stochastic problem (for simplicity):
Find u (&) such that f(u,£) =0, £: Q — I C RM, density p

» Stochastic Galerkin method (Ghanem and many, many others...):

1 = Pu- ; (u up) = !
U(S)_g z¢z(£)_>Fz( 09> P) <¢12>

— Multivariate orthogonal basis of total order at most N — (generalized polynomial chaos)
* Method generates new coupled spatial-stochastic nonlinear problem (intrusive)

/F F(a(y), v)e:(y)p(y)dy =0, i=0,...,P

00 50 100 150 200 250 300 00 590 1000 15‘00 2900
7 NNZ
FO ’u,O 500 - w £
OF NN
o=rFruy=| 1|, v=|"| ¢ o AN
== = = . N N
@=1.1 | aU " |-IONEE SRR
Fp up 1L o RN
SR S 1} R AN S S N
« Advantages: Stochastic sparsity Spatial sparsity

— Many fewer stochastic degrees-of-freedom for comparable level of accuracy

» Challenges:
— Computing SG residual and Jacobian entries in large-scale, production simulation codes
— Solving resulting systems of equations efficiently, particularly for nonlinear problems
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Stokhos: Trilinos tools for embedded
stochastic Galerkin UQ methods

. Eri_c Phipps, Chris Miller, Habib Najm, Bert Debusschere, Omar
nio

» Tools for describing SG discretization
— Stochastic bases, quadrature rules, etc...

http://trilinos.sandia.qgov

« C++ operator overloading library for automatically evaluating SG
residuals and Jacobians

— Replace low-level scalar type with orthogonal polynomial expansions
— Leverages Trilinos Sacado automatic differentiation library

P P P p
a= Zai¢i’ D= Z bjj, c = ab= Z CkPr, Cck = Z a;b; (Wit ¥r)

2
1=0 j=0 k=0 1,j=0 <¢k:>

» Tools forming and solving SG linear systems
— SG matrix operators
— Stochastic preconditioners
— Hooks to Trilinos parallel solvers and preconditioners

 Provides tools for investigating embedded UQ methods in large-
scale applications
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