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Partitioned Method for Interface Coupling

Consider two subdomains connected by an interface

@ Objective is a method that enables solving
independently on each subdomain

@ Compute a flux or force along the interface to
provide subdomain boundary conditions and
enforce suitable interface conditions

Interface Conditions
u = ono
fi+f=0o0na

I I

Model 1 Model 2
Ly =g in 2

Loy = g5 in 2,
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Partitioned Method for Interface Coupling

Consider two subdomains connected by an interface

@ Objective is a method that enables solving
independently on each subdomain

@ Compute a flux or force along the interface to
provide subdomain boundary conditions and
enforce suitable interface conditions

@ Assume scalar conservation equation as
governing equations

1 — V- -Fi(p1) =91 in Interface Conditions
G2 — V- Fa(p2) =g2 in Qo P
Y1 —p2=0 on o I I

Model 2

Fi1-ny+Fy -ng=0 on o { Model 1 J

Ly =g in2

Loy = g, in
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Lagrange Multiplier Formulation

Begin with a system for the monolithic problem

Weak system of equations

[ oerwman+ [ (Fien) Ve —qivnde = [ uds e ev
Q7 Q7 o

| gaveant [ (Faea) Voo = gaun)d2 = [ —vads Vs €W
Q9 Qo o

/(wl—saz)udS:O Vu € M.
=

Discretize each subdomain separately Mass matrix: My, ;; = / Ni,iNg, ;dS

with basis functions { Ny, ; } @2

Coupling matrix: G, ;; = / N, ;N;dS
o

Semi-discrete system

Mipr + f1(p1) = GIA

Maga + f2(p2) = —GIA
Gi1p1 — Gapa =0
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Lagrange Multiplier Formulation }

Begin with a system for the monolithic problem

Weak system of equations

/ ¢1¢1d9+/ (F1(ep1) - VY1 — g171) dQ = / AY1dS Vi €'V

Q7 Q7 a

| pavedtt [ (Faea) Voo = gav2)d2 = [ —vads Vus €W
Qy Qs o

/(¢1—m)ud5=0 Vu € M.
=

Combined interface grid for Lagrange Mass matrix: My, ;; = / Ny, Ni,;dS
multiplier, with basis functions {N;} 2
Coupling matrix: G, ; ; =/ N ;N;dsS
o

¢ Semi-discrete system

M1 + fi(p1) = G A

. T
Mz + fa(p2) = —Ga X
Gip1 — Gap2 =0
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Lagrange Multiplier Formulation

@ Index 2 Differential Algebraic Equation
(DAE)

@ Requires careful integration in time due to M1 + fi(p1) = GTA

hidden constraints .
. . - Mg + fa(p2) = —G3A
@ Not compatible with explicit treatment of G G .
interface flux ()\) 1p1 — G2z =

Semi-discrete system
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Lagrange Multiplier Formulation

@ Index 2 Differential Algebraic Equation —
(DAE) Semi-discrete system

@ Requires careful integration in time due to M1 + fi(p1) = GTA

hidden constraints .
. . " Moo + f2(p2) = —GIA
@ Not compatible with explicit treatment of G G .
interface flux (\) 11— G2z = )

@ We replace the original constraint with

Gip1 — Gaga2 =0 Modified semi-discrete system

@ Assuming the initial data satisfies . _ AT
Grp1(0) — Gap(0) = 0, the two M1+ filer) = GL2

constraints are equivalent Moz + fa(pe) = —GEA
@ The new system enables a fully explicit Gi1p1 — Gapa =0
treatment of A -
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Mortar Flux Recovery (MFR)

Expanding the system in terms of interface (o) and internal (I)
degrees of freedom

Modified semi-discrete linear system

My Miis 0 0 0 P11 f1,1(1)
Mior  Mios 0 0 Gl $1,0 I1,0 (1)
My 11 M2 1, 0 P21 = f2,1(w2)
0 0 Mz o1 M2, —Gi $2,0 f2,0(¥2)

0 G1 0 —Ga2 0 A 0

—1

Al =My 00 — My,orMy [ M1,10
—1

Az = M3 60 — M2,61 My [ M2 10

; -1
f1=f1,0 = Mi,61Mq 1 f1,1

; -1
f2 = f2,0 = Ma,o1 My 11 f2,1
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Mortar Flux Recovery (MFR)

Expanding the system in terms of interface (o) and internal (I)
degrees of freedom

Modified semi-discrete linear system

My Miis 0 0 0 P11 f1,1(1)
Mior  Mios 0 0 Gl $1,0 I1,0 (1)
My 11 M2 1, 0 P21 = f2,1(w2)
0 0 Mz o1 M2, —Gi $2,0 f2,0(¥2)

0 G1 0 —Ga2 0 A 0

—1

Al =My 00 — My,orMy [ M1,10
—1

Az = M3 60 — M2,61 My [ M2 10

; -1
f1=f1,0 = Mi,61Mq 1 f1,1

; -1
f2 = f2,0 = Ma,o1 My 11 f2,1
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Mortar Flux Recovery (MFR)

MFR algorithm
@ Solve for A

Mol 03) = (G1ATGT + G245161) T (G1AT a(o]) — G247 fa (D)
Q Solve each subdomain equation independently

Mi(ePH! — o) = At (f1(e]) + CIAT, ¢5))

Ma(e3T = 93) = At (fa(¢]) — G3AeT, @B))

@ MFR is an explicit method to estimate Neumann flux on interface boundary

@ Equation for A is similar to interface equation in FETI method*
@ domain decomposition method with goal to increase concurrency
@ developed originally for elliptic problems
@ for time dependent problems, discretize in time then solve the monolithic problem implicitly

* C. Farhat, F. Roux, A method of finite element tearing and interconnecting and its parallel solution algorithm, INME 32, 1991
*C. Farhat, L. Crivelli, F. Roux, A transient FETI methodology for large-scale parallel implicit computations in structural mechanics, IUNME 37, 1994
* A. Toselli, FETI domain decomposition methods for scalar advection-diffusion problems, CMAME 190, 2001
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Mortar Flux Recovery (MFR)

MFR algorithm
@ Solve for A

Mot 08) = (G1A716T + G245161) 7' (G1AT Fu(o]) - G2 A7 fa (D))
e Solve each subdomain equation independently

My(e7 T = ) = At (f1(¢™) + GIAT, ©]))

Ma(3 1! = ¢5) = At (£2(0™) — GIA(PT, 03))

Two variations:
MFR 1 - {N;} on nodes MFR 2 - {N;} on faces
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Direct Flux Recovery (DFR) Approach

For comparison, we consider an alternative algorithm based
on an L? projection of the fluxes:

@ Want to approximate ¢;, the Neumann flux
along interface

Migp1 = fi(e1) + G
Maga = fa(p2) + (2

@ Minimize the difference between flux density
t; and value from opposite side

[[t1 — Fa(p2) -nllo [tz — F1(e1) - nl|o
@ Define interface mass matrices M, ;, then

C1 =Myt = [ Fa(p2) - -n¢1dS
(2 = Moot = [ Fi(p1) - nyadS

¢ = [ Falga) -munds

R. K. Jaiman, X. Jiao, P. H. Geubelle, E. Loth, Assessment of conservative load transfer for fluid-solid interface with non-matching meshes. IUNME 64, 2005
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Direct Flux Recovery (DFR) Approach

Three variations on the method:

DFR 1 DFR 2 DFR 3

Evaluate F (52 at integration Compute flux vector on combined Compute flux vectors on combined
points on szidgﬁ and integrate interface (1) and L2 project back interface (C1, C2), average, then L2
to side 1 project back to each side
G = [ Falon) - munas ¢ = [ Fa(ea) - nias E=(&-&2)/2
I

1= Mo (M;lé)
C2=—Mgy2 (M;lé)

¢1= Mo (Ma_lfl)
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

ok + V- (ver) =0
SUPG stabilization

DFR MFR
time t=0.001 time t=0.001

0.8 0.8
0.6 0.6
> >
0.4 0.4
0.2 0.2
0 0
0 0.5 1 0 0.5 1
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

ok + V- (ver) =0
SUPG stabilization

DFR MFR
time t=0.591 time t=0.591
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

ok + V- (ver) =0
SUPG stabilization

DFR MFR
time t=1.182 time t=1.182
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

ok + V- (ver) =0
SUPG stabilization

DFR MFR
time t=1.772 time t=1.772
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

ok + V- (ver) =0
SUPG stabilization

DFR MFR
time t=2.363 time t=2.363
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

ok + V- (ver) =0
SUPG stabilization

DFR MFR
time t=2.954 time t=2.954
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

ok + V- (ver) =0
SUPG stabilization

DFR MFR
time t=3.545 time t=3.545
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

ok + V- (ver) =0
SUPG stabilization

DFR MFR
time t=4.136 time t=4.136

0.8 0.8
0.6 0.6
> >
0.4 0.4
0.2 0.2
0 0
0 0.5 1 0 0.5 1
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

ok + V- (ver) =0
SUPG stabilization

DFR MFR
time t=4.727 time t=4.727
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

ok + V- (ver) =0
SUPG stabilization

DFR MFR
time t=5.317 time t=5.317
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

ok + V- (ver) =0
SUPG stabilization

DFR MFR
time t=5.908 time t=5.908
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

ok + V- (ver) =0
SUPG stabilization

DFR MFR
time t=6.283 time t=6.283
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Numerical Results: Pure Advection

Rotating velocity field: v = (—y + 2,z — 1)

G+ V- (ver) =0
SUPG stabilization

Single Domain DFR MFR

No artifacts due to interface, but some oscillations expected with SUPG stabilization
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Numerical Results: Manufactured Solution

(%, t) = 22y sin(27z) sin(27y) exp(t)
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Numerical Results: Manufactured Solution

(%, t) = 22y sin(27z) sin(27y) exp(t)

DFRt =1

MFRt =1
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Numerical Results: Manufactured Solution
or(x,t) = 22y sin(27z) sin(27y) exp(t)

DFRt =1

MFRt =1
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Numerical Results: Manufactured Solution

or(x,t) = 22y sin(27z) sin(27y) exp(t)

MFRt =1 DFRt =1

N
N
RN
R
Y
HEEN
Tk
NN
R
S

b

i
S
N

N

=

N
8
N
N

|
R
Bl
sk“
s
Ny
N

FRRK|
NI

TRRT

NS
N
N
N
NN
AR
AR
AR}
SRR
Y
N

W
S
N 77

N
RNNRY

N
AR
o
3
N
N

A
T

A
i
/
i

N
Ny
N
N
N
N
&

RN
N
-

S
e
S

:
NL

SN
s
N
S
o
R
R

N
Rt
N
NERY
N 1
NIRRT
SRR
)

sn‘
[T
s
IR
0
0

N
N

R

RRRRE

i
i

g |
R
Sy,

.
NN
|
N
N
§

RN
AR
N
N
R
NN

5
S

s
RRRF
KRR
RRRA

S

§

S
R
R
N

7
>0.5 P
o

m
5
S
N
S
R
HE
REREE
S
REREN
N,

Gannssoas:
0.3 A
aAAgg s

7ii]

S
S
S
S
SN
S
Y

N
N
Sy

S

S
NN
5

7
1111

R
S

Hed

B
°

l
P — V- (Ve —vep) = gg
(7 sin<g),cos(%>)

€ 0.1

Error grows with diffusion
coefficient




@ o
National
Laboratories

Numerical Results: Manufactured Solution
Matching grid comparison to single domain - advection dominated
(%, t) = 22y sin(27z) sin(2my) exp(t)

Mesh DFR MFR

Sotuion oiference

oiference

(—0.5,1.5) (=5 x1074,5 x 107%) (=5 x1074,5 x 107%)
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Numerical Results: Manufactured Solution
Matching grid comparison to single domain - advection dominated

(%, t) = 22y sin(27z) sin(2my) exp(t)

Single Domain DFR MFR

Sotuion oiference

oiference

(—0.5,1.5) (=5 x1074,5 x 107%) (=5 x1074,5 x 107%)
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Numerical Results: Manufactured Solution
Matching grid comparison to single domain - advection dominated

(%, t) = 22y sin(27z) sin(2my) exp(t)

Single Domain DFR MFR

Sotuion oiferance oiference

(—0.5,1.5) (=5 x1074,5 x 107%) (=2 x 107 2 x 10714)

MFR recovers single domain solution




Numerical Results: Manufactured Solution
Matching grid comparison to single domain - pure diffusion

(%, t) = 22y sin(27z) sin(2my) exp(t)

Single Domain DFR MFR

v

oference oiference

(—0.5,1.5) (-4 x1073,2x 1079) (-4 x1073,2x 1079)
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Numerical Results: Manufactured Solution
Matching grid comparison to single domain - pure diffusion

(%, t) = 22y sin(27z) sin(2my) exp(t)

Single Domain DFR MFR

Oiterence oiference

(—0.5,1.5) (=4 x1073,2x 1073) (=5 x 10715 4 x 10719)

MFR recovers single domain solution
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Conclusions

Presented method for approximating Neumann flux across a
non-matching interface

@ Confirmed the potential of Lagrange-multiplier formulation for
partitioned solution of interface problems

@ Key idea is to consider alternative constraint, which enables explicit
treatment of Lagrange multiplier (MFR)

@ Compared to a family of L2-projection based methods described in the
literature (DFR)
@ MFR comparable to DFR for advection-dominated and pure
advection problems
@ DFR accuracy decreases for pure diffusion and
diffusion-dominated problems

SAND 2017-2783C
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