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ABSTRACT

This report reviews a hierarchy of formal mathematical models for describing plasma phenomena.
Starting with the Boltzmann equation, a sequence of approximations and modeling assumptions
can be made that progressively reduce to the equations for magnetohydrodynamics.
Understanding the assumptions behind each of these models and their mathematical form is
essential to appropriate use of each level of the hierarchy. A sequence of moment models of the
Boltzmann equation are presented, then focused into a generalized three-fluid model for neutral
species, electrons, and ions. This model is then further reduced to a two-fluid model, for which
Braginskii described a useful closure. Further reduction of the two-fluid model yields a
Generalized Ohm’s Law model, which provides a connection to magnetohydrodynamic
approaches. A verification approach based on linear plasma waves is presented alongside the
model hierarchy, which is intended as an initial and necessary but not sufficient step for
verification of plasma models within this hierarchy.
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1. INTRODUCTION

Modeling of plasmas at Sandia has historically concentrated on two distinct regimes in number
density. On the one hand, the low-density plasma regime has been modeled using the
Particle-In-Cell (PIC) approach, where the plasma is represented as a collection of charged
particles. On the other hand, interactions of continuum-scale materials with electromagnetics has
been modeled using magnetohydrodynamic (MHD) approximations, which couples material
motion and electromagnetic fields through Lorentz forces. This report provides a bridge between
these extremes by presenting a sequence of continuum-based models for describing multi-species
electromagnetically coupled plasmas.

Figure 1-1 presents a useful pictorial description of the spectrum of plasma modeling addressed in
this report, developed by Shumlak et. al. [19]. The horizontal axis shows the Knudsen number,
Kn, which is the ratio of the mean free path to a length scale of interest; this primarily defines
where the continuum approximation is valid. The vertical axis shows the charge separation
distance, Λd , which represents the degree to which electrical charge is relevant. The limit Λd → ∞

is the neutral limit (e.g., standard fluid mechanics) and the limit Λd → 0 represents the bulk effect
limit of magnetohydrodynamics. Our historical modeling experience has been in one of these
limits, but the current challenge is to extend expertise and capabilities into intermediate charge
separation distances. Similarly, it is desirable to be able to efficiently model problems of interest
that range from the highly dense and collisional limit where fluid modeling is appropriate to
non-continuum (large Knudsen number) problems where PIC modeling utilizing the Vlasov or
Boltzmann or equations is appropriate.

Uri Shumlak, shumlak@uw.edu 

13N-moment plasma model extends validity regime 
The 13N-moment multi-fluid plasma model extends fluid models towards 

the collisional transition regime: marginal collisionality, weakly-
coupled plasmas, finite charge-separation. 

Notional plot would be 

Kn

Underresolved
Collisional Regime

Resolved
Collisional Regime

Collisional 
Transition Regime

Collisionless
Regime

13N-Moment Model5N-Moment Model

Figure 1-1. The plasma modeling spectrum, shown on axes of Knudsen Num-
ber (Kn) against charge separation distance (Λd). Courtesy of Uri Shumlak.
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This report provides a summary of a hierarchy of models available for investigating this problem
space. The report begins with the Boltzmann equation in Section 2, which together with
Maxwell’s equations, describes the motion of charged particles. The Boltzmann equation has
seven independent variables: time, three components in space, and three components in velocity.
For low-density plasmas, this system is feasibly solved directly using particle methods, but in the
relatively high-density regime of interest, it becomes computationally prohibitive to solve due to
the number of particles required, the complex interactions that occur between particles, and the
seven-dimensional space they occupy.

Continuum plasma models are derived by taking moments of the Boltzmann equation over
velocity space. This procedure reduces the problem to the familiar four independent variables of
time and three-dimensional space. The partial differential equations that result from the first three
moments of the Boltzmann equation are the familiar continuity, momentum, and energy equations
of fluid mechanics, with generalized closure terms for stress and heat conduction. With
appropriate simplifications, these reduce to the Euler or generalized Navier-Stokes equations that
contain additional Lorentz force terms. This is termed the 5N-Moment model, referring to the
number of equations in the system: one for density, three for momentum, and one for energy.

Further moments of the Boltzmann equation can be taken, which yield more complex models that
have a greater range of validity (see Figure 1-1). The 13N-Moment model, for example, retains a
tensor energy equation which is closed by reducing the third moment of the Boltzmann equation
to a vector equation, for a total of 13 PDEs: one equation for density, three for momentum, six for
energy, and three for the vector heat flux. While the numerical behavior of Euler or Navier-Stokes
systems is well developed and relatively well understood, this is not the case for the
higher-moment system. Shumlak and his coworkers [20] have demonstrated some success in this
field, however.

In this report, we focus on variations of the 5N-moment model in Sections 3 and 4. As derived
from the Boltzmann equation, the model is incomplete without closures for not only stress and
heat flux, but also for collision terms. These collision terms capture the effects of creation and
destruction of species (e.g., by ionization and recombination in a neutral-ion-electron plasma),
and momentum and energy transfers between species due to collisions. Modeling collision terms
is particularly challenging, because the effects they represent are difficult to integrate from the
microscopic (particle) scale to the macroscopic (continuum) scale. For two-fluid ion-electron
plasmas, a canonical closure is the Braginskii model [5], which uses various simplifying
assumptions to derive an analytic closure. Even for more complex collisional plasma modeling,
terms from the Braginskii model will often be used.

These multi-fluid plasma models directly specify the motion of charged fluids. Electrical current
is therefore defined directly and exactly as the net charge flux of the fluids. However, because the
mass of an electron is approximately 1/1800 of that of a proton (the lightest possible ion), the
coupled system of fluid plasma equations can be challenging to solve numerically. In fact, in
many situations, the mass and inertia of the electrons can be neglected as small compared to that
of the ion species. Deriving a consistent set of plasma equations in this limit begins by writing the
two-fluid equations in terms of a center-of-mass velocity and the current density. Using these
variables instead of the separate fluid velocities allows the approximation mi� me to be
consistently applied, and yields a partial differential equation for the current density J. This is the
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most general form of generalized Ohm’s Law plasma modeling, as only the approximation of
negligible electron mass has been applied. These equations are derived in Section 5. Note that the
term “generalized Ohm’s Law” may be somewhat misleading, because while Ohm’s Law is a
constitutive relation that defines J in terms of the electric field, the PDE for J that results in the
“generalized” law is directly defined from the fundamental fluid equations for charged particles.
Ultimately, pursuing the limit of negligible charge separation will yield the equations of MHD.

Each of the continuum plasma models described describes a set of transport equations coupled to
Maxwell’s equations. These systems are primarily hyperbolic in nature, with complex dispersion
relations for multiple propagating waves. Further, simplifications of the multi-fluid equations will
not capture all of these waves, particularly in limits that may be of interest. Section 6 uses the
wave properties of the two-fluid equations to define a series of verification problems to ensure that
numerical models can capture the appropriate wave behavior of the system.
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2. THE BOLTZMANN EQUATION AND ITS MOMENTS

2.1. Particle Motion

At a fundamental level, a plasma can be modeled as a set of charged particles moving in space
under the influence of an electromagnetic field. The following presentation follows [17]. Kinetic
theory defines an equation of motion for each particle in the plasma, from the density Np(x,v, t)
of a single particle in phase space (x,v, t),

Np(x,v, t) = δ (x−Xp(t))δ (v−Vp(t)), (2.1)

where Xp(t) and Vp(t) are the Lagrangian coordinates of the particle. The total density of a
particular particle species s (e.g., electron, ion, or neutral) is given by the summation over all
particles of that species:

Ns(x,v, t) = ∑
p

δ (x−Xp(t))δ (v−Vp(t)). (2.2)

Similarly, the microscopic charge density and microscopic current density are given by

qm(x, t) = ∑
s

qs

∫
Ns(x,v, t))d3v (2.3)

Jm(x, t) = ∑
s

qs

∫
vNs(x,v, t)d3v (2.4)

where the superscript m indicate microscopic quantities and these values are used to evolve the
microscopic Maxwell equations. Taking the time derivative of the species number density, we
obtain

∂Ns

∂ t
(x,v, t)=∑

p
(−

dXp

dt
)·

∂δ (x−Xp(t))
∂x

δ (v−Vp(t))+∑
p

δ (x−Xp(t))(−
dVp

dt
)·

∂δ (v−Vp(t))
∂v

.

(2.5)
Observing the identity

dXp

dt
= Vp, (2.6)

and the Lorentz-force Law (neglecting relativistic effects)

dVp

dt
=

qs

ms
(Em +Vp×Bm), (2.7)
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we can utilize the delta function identity αδ (α−β ) = βδ (α−β ) and the fact the ith delta
function velocity derivative does not interact with the ith velocity in the cross product term to
obtain the Klimontovich equation,

∂Ns

∂ t
+v · ∂Ns

∂x
+

qs

ms
(Em +v×Bm) · ∂Ns

∂v
= 0, (2.8)

which when coupled to Maxwell’s equations gives the exact microscopic dynamical description
of the plasma [23, Chapter 2].

It is rarely useful, however, to determine all particle trajectories in the plasma. Instead, the
Boltzmann equation is used to track species distribution functions, fs(x,v, t), for each particle
species with an average macroscopic electromagnetic field. The distribution function describes
the probability that a number of particles occupy a differential volume in phase space and
statistically describes the plasma motion by the Boltzmann equation:

∂ fs

∂ t
+v · ∂ fs

∂x
+

qs

ms
(E+v×B)

∂ fs

∂v
=

∂ fs

∂ t

∣∣∣∣
c
. (2.9)

The right-hand side term represents the effective source and sink term due to Coulomb collisions,
which arises from the averaging process. We will not dwell on collisions here, except to note that
the collision operator can be extended for more general collision chemistry. Specific forms of the
operator yield the Fokker-Planck equation [21], or if neglected, the Vlasov equation (for
collisionless plasmas). The plasma dynamics are completed by coupling E and B with Maxwell’s
equations (in this form, from [11]):

∇ ·D = q, (2.10)

∇×H− ∂D
∂ t

= J, (2.11)

∇ ·B = 0, (2.12)

∇×E =−∂B
∂ t

, (2.13)

where

D = ε0E (2.14)

H =
1
µ0

B (2.15)

q≡∑
s

qsns, (2.16)

J≡∑
s

qsnsvs, (2.17)

and where the particle number density ns is defined as the zeroth moment of the distribution
function,

ns ≡
∫

fsdv. (2.18)
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For the remainder of this section, we switch to indicial notation, which is more convenient for this
analysis. The Boltzmann equation written as such is:

∂ f
∂ t

+ vk
∂ f
∂xk

+
q
m

(
Ei + εi jkv jBk

) ∂ f
∂vi

=
∂ f
∂ t

∣∣∣∣
c
, (2.19)

where the species subscript s has been dropped as implicit to avoid confusion with the tensorial
indices.

The Klimontovich equation may be implemented directly to simulate very low density plasma
dynamics, where volumetric averages are not accurate. This is the formal starting point for the
derivation of Particle-in-Cell (PIC) methods, which are formulated to include the continuous
Boltzmann solution, and effectively by discretization perform a similar smoothing. Therefore
low-density plasmas may be modeled by this approach with a much smaller number of discrete
particles than exist in the real plasma. However, as the number of particles becomes large, it
becomes computationally prohibitive to track all the particles and their interactions across
seven-dimensional space, so a continuum approximation becomes useful. This is the case that the
remainder of this section will address.

2.2. Moments of the Boltzmann Equation

Because the seven-dimensional space of the Boltzmann equation is unwieldy, dense plasma
models are developed by taking moments in velocity space. Depending on the number of
moments taken, increasingly complex models may be developed. The zeroth and first moments
are the familiar continuity and momentum equations (for each species), but depending on the
complexity of the model, the energy equation may be a scalar or a tensorial equation.

First, we identify moments of the distribution function, f , to define the fluid variables for each
species. Integrating over the volume element dv = dv1dv2dv3 in velocity space, the zeroth through
third moments are defined as:

ρ = m
∫

f (v)dv, (2.20)

ρui = m
∫

vi f (v)dv, (2.21)

Pi j = m
∫

viv j f (v)dv, (2.22)

Qi jk = m
∫

viv jvk f (v)dv. (2.23)

Obviously, (2.20) is the species density, and (2.21) is the ith component of the species
momentum. Occasionally, the number density, n = ρ/m is also useful. The tensorial quantities
Pi j and Qi jk as defined in (2.22) and (2.23) do not have convenient physical interpretations, so
instead, the moments are taken with respect to the relative velocity w≡ v−u:

Pi j = m
∫

wiw j f (v)dv, (2.24)

Qi jk = m
∫

wiw jwk f (v)dv. (2.25)
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Then, Pi j is a fluid stress tensor, and Qi jk is a heat flux tensor. With a little manipulation, it is
straightforward to show that

Pi j = Pi j +ρuiu j, (2.26)
Qi jk = Qi jk +uiPjk +u jPik +ukPi j +ρuiu juk. (2.27)

Note that because the indices of the velocity components in the moment definitions are arbitrary,
Pi j and Qi jk are symmetric tensors, with six and and ten independent components, respectively.

The fluid equations are derived by taking moments of the Boltzmann equation, multiplying (2.19)
by velocity and integrating over (all) velocity space. In general, and somewhat abusing notation in
the velocity vector exponents for the purpose of illustration,

m
∫

vn ∂ f
∂ t

dv+m
∫

vn+1 ∂ f
∂x

dv =−q
∫

vn (Ei + εi jkv jBk
) ∂ f

∂vi
dv+ . . . ,

we see that convective term for the evolution of a given moment variable will introduce the next
order moment variable. This presents a closure problem, and each plasma model chooses a
different level at which to approximate the higher-order moment term. Before introducing these
approximations, however, we will show the complete (‘exact’) set of equations in order to
properly illustrate how the system is simplified.

First, we derive the continuity equation. Integrating (2.19) over velocity space and multiplying by
the species mass, we have,

m
∫

∂ f
∂ t

dv+m
∫

vk
∂ f
∂xk

dv+q
∫ (

Ei + εi jkv jBk
) ∂ f

∂vi
dv = m

∫
∂ f
∂ t

dv
∣∣∣∣
c
.

In this derivation and all that follow, we will assume that f is sufficiently smooth for the
manipulations required. Proceeding term by term, the convective terms are straightforward:

m
∫

∂ f
∂ t

dv =
∂

∂ t

(
m
∫

f dv
)
=

∂ρ

∂ t
,

m
∫

vk
∂ f
∂xk

dv =
∂

∂xk

(
m
∫

vk f dv
)
=

∂ (ρuk)

∂xk
.

To evaluate the Lorentz force term, we integrate by parts:

q
∫ (

Ei + εi jkv jBk
) ∂ f

∂vi
dv = qEi

∫
∂ f
∂vi

dv+qεi jkBk

∫
v j

∂ f
∂vi

dv,

= qEi

∫
f nidΓ+qεi jkBk

(∫
f v jnidΓ−

∫
f δi jdv

)
.

Here, Γ is the boundary of the velocity space, where we can assume that f → 0 because the
distribution vanishes at extreme velocities. Therefore, these boundary terms disappear, leaving
only the last term, where we note that εi jkδi j = 0, and so it too disappears. This yields the familiar
continuity equation, with a source term on the right-hand side:

∂ρ

∂ t
+

∂

∂xk
(ρuk) =

∂ρ

∂ t

∣∣∣∣
c
. (2.28)
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To derive the momentum equation, we multiply (2.19) by vm and again integrate over velocity
space:

m
∫

vm
∂ f
∂ t

dv+m
∫

vmvk
∂ f
∂xk

dv+q
∫

vm
(
Ei + εi jkv jBk

) ∂ f
∂vi

dv = m
∫

vm
∂ f
∂ t

dv
∣∣∣∣
c
.

As before, the convective terms are straightforward:

m
∫

vm
∂ f
∂ t

dv =
∂

∂ t

(
m
∫

vm f dv
)
=

∂

∂ t
(ρum) ,

m
∫

vmvk
∂ f
∂xk

dv =
∂

∂xk

(
m
∫

vmvk f dv
)
=

∂Pmk

∂xk
.

Integrating the Lorentz term by parts, and dropping the boundary terms as before, we have

q
∫

vm
(
Ei + εi jkv jBk

) ∂ f
∂vi

dv = qEi

∫
vm

∂ f
∂vi

dv+qεi jkBk

∫
vmv j

∂ f
∂vi

dv,

=−qEi

∫
f δimdv−qεi jkBk

∫
f
(
v jδim + vmδi j

)
dv

=−ρq
m

(
Em + εm jku jBk

)
.

Putting the terms together, using (2.26), and switching the independent index to i, we obtain the
momentum equation with a generalized stress tensor Pi j:

∂ (ρui)

∂ t
+

∂

∂x j

(
ρuiu j +Pi j

)
=

ρq
m

(
Ei + εi jku jBk

)
+

∂ (ρui)

∂ t

∣∣∣∣
c
. (2.29)

The next moment equation, for energy, is derived by multiplying (2.19) by vmvn and again
integrating over velocity space:

m
∫

vmvn
∂ f
∂ t

dv+m
∫

vmvnvk
∂ f
∂xk

dv =−q
∫

vmvn
(
Ei + εi jkv jBk

) ∂ f
∂vi

dv+m
∫

vmvn
∂ f
∂ t

dv
∣∣∣∣
c
.

Proceeding as before, for the left-hand side we have

m
∫

vmvn
∂ f
∂ t

dv =
∂

∂ t

(
m
∫

vmvn f dv
)
=

∂Pmn

∂ t
,

m
∫

vmvnvk
∂ f
∂xk

dv =
∂

∂xk

(
m
∫

vkvmvn f dv
)
=

∂Qkmn

∂xk
,

and for the Lorentz term,

−q
∫

vmvnEi
∂ f
∂vi

dv = qEi

∫
f (vmδin + vnδim)dv

=
q
m

Ei (δinρum +δimρun)

=
ρq
m

(Enum +Emun) .
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−q
∫

εi jkBkv jvmvn
∂ f
∂vi

dv = qεi jkBk

∫
f
(
vmvnδi j + v jvnδim + v jvmδin

)
dv

=
q
m

εi jkBk
(
Pmnδi j +P jnδim +P jmδin

)
=

q
m

Bk
(
εm jkP jn + εn jkP jm

)
.

Assembling the terms, and switching the independent indices to i and j, we obtain an equation for
Pi j,

∂Pi j

∂ t
+

∂Qi jk

∂xk
=

ρq
m

(
Eiu j +E jui

)
+

q
m

(
εiklPk jBl + ε jklPikBl

)
+

∂Pi j

∂ t

∣∣∣∣
c
. (2.30)

The third moment equation is derived in the same way, but since it is usually approximated, the
derivation of the complete tensor equation is left out for brevity. It introduces the next moment of
the distribution function,

Ki jkl = m
∫

viv jvkvl f (v)dv, (2.31)

and is quoted here from [9]:

∂Qi jk

∂ t
+

∂Ki jkl

∂xl
=

q
m

(
EiP jk +E jPik +EkPi j

+
[
εilmQl jk + ε jlmQilk + εklmQi jl

]
Bm

)
+

∂Qi jk

∂ t

∣∣∣∣
c
. (2.32)

Thus we have derived the set of ‘exact’ moment equations, (2.28), (2.29), (2.30) and (2.32),
corresponding to Eqs. (19)–(22) of [9]. These correspond to (1+3+6+10) = 20 equations in
(1+3+6+10+15) = 35 independent unknowns (due to the symmetry of the tensor quantities).
Closure of the system is achieved by approximating various terms in these equations. Three
standard approaches will be presented in the following sections.

2.3. The 5N-Moment Model

A standard reduction of the moment equations is to use a tensor contraction of the second
moment [21, 8], to define a scalar fluid pressure for each species:

ps ≡
1
3

ms

∫
w2 f (v)dv, (2.33)

where w2 = |v−u|2. Dropping the species subscript for clarity as before, note that

p =
1
3

tr(P) =
1
3

Pii,

with summation over the repeated index. Cross terms in the stress tensor will still appear in the
equation system, so we define

Pi j = pδi j +Πi j, (2.34)
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and note that Πii = 0.

The continuity equation is unchanged, and the momentum equation is trivially rewritten using the
definition (2.34). To proceed with the second moment, we need an additional contraction to define
a vector heat flux,

hi =
1
2

m
∫

w2wi f (v)dv. (2.35)

The second moment equation must be rederived now, so multiplying (2.19) by vmvm ≡ v2
m (with

implicit summation over the index in the squared term), and integrating gives:

m
∫

v2
m

∂ f
∂ t

dv+m
∫

v2
mvk

∂ f
∂xk

dv =−q
∫

v2
m
(
Ei + εi jkv jBk

) ∂ f
∂vi

dv+m
∫

v2
m

∂ f
∂ t

dv
∣∣∣∣
c
.

Proceeding as before,

m
∫

v2
m

∂ f
∂ t

dv =
∂

∂ t

(
m
∫

f (w2
m +2vmum−u2

m)dv
)

=
∂

∂ t

(
m
∫

f w2dv+2umm
∫

f vmdv−u2
mm
∫

f dv
)
,

=
∂

∂ t

(
3p+ρu2

m
)
,

m
∫

v2
mvk

∂ f
∂xk

dv =
∂

∂xk

(
m
∫

f
(
wkw2

m +ukw2
m +2umvkvm−u2

mvk
)

dv
)

=
∂

∂xk

(
m
∫

f wkw2
mdv+ukm

∫
f w2

mdv+2umm
∫

f vkvmdv−u2
mm
∫

f vkdv
)

=
∂

∂xk

(
2hk +3uk p+2umPkm−ρu2

muk
)

=
∂

∂xk

(
2hk +5uk p+2umΠkm +ρu2

muk
)
.

For the Lorentz term,

−q
∫

v2
mEi

∂ f
∂vi

dv = 2qEi

∫
f vidv

= 2
ρq
m

Eiui.

−q
∫

εi jkBkv jv2
m

∂ f
∂vi

dv = qεi jkBk

∫
f
(
v2

mδi j +2viv j
)

dv

= 2
q
m

εi jkBkPi j

= 2
q
m

εi jkBk
(

pδi j +Πi j +ρuiu j
)

= 0,
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by symmetry. Dividing the reassembled system by two, this yields an energy-type equation of the
familiar form:

∂

∂ t

(
3
2

p+
1
2

ρu2
i

)
+

∂

∂x j

([
5
2

p+
1
2

ρu2
i

]
u j +uiΠi j +h j

)
=

ρq
m

Eiui + src. (2.36)

A scalar energy can also be defined,

Es =
3
2

ps +
1
2

ρsu2
i , (2.37)

which is often generalized with the pressure coefficient as 1/(γ−1), implying here that γ = 5/3
for this presentation. The proper generalization for nonatomic particles with other values for γ

occurs in the definition of pressure as a tensor contraction of the second moment of the particle
distribution, i.e., in equation (2.33).

The complete set of equations for the 5N model, so named because there are (1+3+1) = 5
equations in the system, are therefore (for each species):

∂ρ

∂ t
+

∂

∂xk
(ρuk) =

∂ρ

∂ t

∣∣∣∣
c
, (2.38)

∂ (ρui)

∂ t
+

∂

∂x j

(
ρuiu j + pδi j +Πi j

)
=

ρq
m

(
Ei + εi jku jBk

)
+

∂ (ρui)

∂ t

∣∣∣∣
c
, (2.39)

∂E

∂ t
+

∂

∂x j

(
(E + p)u j +uiΠi j +h j

)
=

ρq
m

Eiui +
∂E

∂ t

∣∣∣∣
c
. (2.40)

The system is closed by introducing models for the stress Πi j and the heat flux hi. This model is
essentially a standard formulation of the continuity, momentum and energy equations for each
component of the fluid, with the addition of Lorentz forces, and standard assumptions regarding
the fluid stress tensor and heat flux can apply. Note, for example, that hi is consistent with a
Fourier conduction approximation (h = κ∇T ).

Due to the familiarity of this system, it is often convenient to express the 5N equations in vector
notation, as follows:

∂ρs

∂ t
+∇ · (ρsus) =

∂ρs

∂ t

∣∣∣∣
c

(2.41)

∂ (ρsus)

∂ t
+∇ · (ρsus⊗us + psI +Πs) =

ρsqs

ms
(E+us×B)+

∂ (ρsus)

∂ t

∣∣∣∣
c

(2.42)

∂Es

∂ t
+∇ · ((Es + ps)us +us ·Πs +hs) =

ρsqs

ms
E ·us +

∂Es

∂ t

∣∣∣∣
c

(2.43)

2.4. The 10N-Moment Model

A more complex plasma fluid model is presented by [9]. This retains the full symmetric tensor
form of the second moment equation, but closes the system by assuming that the divergence of
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Qi jk disappears, which removes it as a variable from the system. Justification for this
simplification is provided by assuming a Gaussian distribution function, and it yields
(1+3+6) = 10 equations in the following system:

∂ρ

∂ t
+

∂

∂xk
(ρuk) =

∂ρ

∂ t

∣∣∣∣
c
, (2.44)

∂ (ρui)

∂ t
+

∂

∂x j

(
ρuiu j +Pi j

)
=

ρq
m

(
Ei + εi jku jBk

)
+

∂ (ρui)

∂ t

∣∣∣∣
c
, (2.45)

∂

∂ t

(
Pi j +ρuiu j

)
+

∂

∂xk

(
ukPi j +u jPik +uiPjk +ρuiu juk

)
=

ρq
m

(
Eiu j +E jui

)
+

q
m

(
εiklPk jBl + ε jklPikBl

)
+

∂Pi j

∂ t

∣∣∣∣
c
.

(2.46)

This model spans the space between the 5N and 13N models, and is motivated by a need to
capture finite Larmor radius effects. The system remains primarily hyperbolic in character, with a
strong dispersive effect caused by the collisional source terms that results in a complex dispersion
relation.

2.5. The 13N-Moment Model

Following [20], the third moment equation can be added to the system with a closure approach
very similar to that employed in the 5N model. As in the 10N model, the full second moment
equation will be used, but Qi jk will be retained and a reduced fourth moment will close the third
moment equation:

Ni j = ms

∫
w2wiw j f (v)dv. (2.47)

For this derivation, we will also refer to the reductions defined for the 5N model, (2.33), (2.34),
and (2.35).

We now proceed to derive the reduced third moment equation, multiplying (2.19) by viv2
j and

integrating for:

m
∫

viv2
j
∂ f
∂ t

dv+m
∫

viv2
jvk

∂ f
∂xk

dv =−q
∫

viv2
j (Ek + εkmnvmBn)

∂ f
∂vk

dv+m
∫

viv2
j
∂ f
∂ t

dv
∣∣∣∣
c
.

Proceeding as before, we have

m
∫

viv2
j
∂ f
∂ t

dv =
∂

∂ t

(
m
∫

f (wiw2
j +2wiu jw j +wiu2

j +uiv2
j)dv

)
=

∂

∂ t

(
m
∫

f wiw2
jdv+2u jm

∫
f wiw jdv+u2

jm
∫

f widv+uim
∫

f v2
jdv
)
,

=
∂

∂ t

(
2hi +2u jPi j +uiP j j

)
,

=
∂

∂ t

(
(ρu2

j +3p)ui +2Pi ju j +2hi
)
,
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where P j j = 3p+ρu2
j by retaining the definition of p from (2.33); and,

m
∫

viv2
jvk

∂ f
∂xk

dv =
∂

∂xk

(
m
∫

f
(
wiw2

jwk−uiu2
juk +u2

jukvi +u2
juivk +2uiu jukv j

−2u jukviv j−uiukv2
j −u2

jvivk−2uiu jv jvk

+ukviv2
j +2u jviv jvk +uiv2

jvk
)
dv
)

=
∂

∂xk

(
Nik +3ρuiu2

juk−2u jukPi j−uiukP j j−u2
jPik−2uiu jP jk +2u jQi jk

+uk
[
(ρu2

j +3p)ui +2Pi ju j +2hi
]
+ui

[
(ρu2

j +3p)uk +2Pk ju j +2hk
])

=
∂

∂xk

(
Nik +3ρuiu2

juk−2u jukPi j−uiukP j j−u2
jPik−2uiu jP jk +2u jQi jk

+uk
[
(ρu2

j +3p)ui +2Pi ju j +2hi
]
+ui

[
(ρu2

j +3p)uk +2Pk ju j +2hk
])

=
∂

∂xk

(
Nik +(ρu2

j +3p)uiuk +4ukPi ju j +u2
jPik +ukhi +uihk +2u jQi jk

)
.

For the Lorentz term, and following the previous arguments, we have

−m
∫

viv2
j

∂ f
∂vk

dv = δikm
∫

f v2
jdv+2m

∫
f vivkdv

= δik(ρu2
j +3p)+2(Pik +ρuiuk) ,

and for the v×B part,

−mεkmn

∫
viv2

jvm
∂ f
∂vk

dv = εkmn

∫
f
(
δkmviv2

j +δikvmv2
j +2vivkvm

)
dv

= 0+ εimn

∫
f vmv2

jdv+2εkmn

∫
f vivkvmdv

= εimnum(ρu2
j +3p)+2εimn(Pm ju j +hm)

+2εkmn(uiPkm +ukPim +umPik +Qikm),

This simplifies by the symmetry of P when multiplied by Bn, because

εkmnumPikBn = εmknukPimBn =−εkmnukPimBn,

such that:

−mεkmnBn

∫
viv2

jvm
∂ f
∂vk

dv = εimn(ρu2
j +3p)umBn

+2
(
εkmnQikm + εimnhm + εimnPm ju j

)
Bn.
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Collecting all the terms, and dividing by two, we have:

∂

∂ t

(
E ui +Pi ju j +hi

)
+

∂

∂xk

(
E uiuk +

1
2

u2
jPik +2ukPi ju j +2hiuk +Qi jku j +

1
2

Nik

)
=

q
m
(E Ei +(Pik +ρuiuk)Ek)

+
q
m

(
εimn(E um +Pm ju j +hm)Bn + εkmnQikmBn

)
+ sources, (2.48)

using the scalar energy definition (2.37).

The complete set of equations for the 13N-moment model, so named because there are
(1+3+6+3) = 13 equations in the system, are therefore (for each species):

∂ρ

∂ t
+

∂

∂xk
(ρuk) =

∂ρ

∂ t

∣∣∣∣
c
, (2.49)

∂ (ρui)

∂ t
+

∂

∂x j

(
ρuiu j +Pi j

)
=

ρq
m

(
Ei + εi jku jBk

)
+

∂ (ρui)

∂ t

∣∣∣∣
c
, (2.50)

∂

∂ t

(
Pi j +ρuiu j

)
+

∂

∂xk

(
Qi jk +uiPjk +u jPik +ukPi j +ρuiu juk

)
=

ρq
m

(Eiu j +E jui)+
q
m

(
εikmPk j + ε jkmPki

)
Bm

+ sources,

(2.51)

∂

∂ t

(
E ui +Pi ju j +hi

)
+

∂

∂xk

(
E uiuk +

1
2

u2
jPik +2ukPi ju j +2hiuk +Qi jku j +

1
2

Nik

)
=

q
m

(
E Ei +PikEk +

[
εimn(E um +Pm ju j +hm)+ εkmnQikm

]
Bn
)

+ sources.

(2.52)

As in the 5N model, this system is closed by introducing models for Qi jk and Nik, leaving the
variables to be solved for as ρ , ui, Pi j and hi.

In the same way that the 5N model relates to the Navier-Stokes equations, the 13N model relates
to Grad’s equations [24]. Formal analysis will show that this system is second order in Knudsen
number, and hence extends the region of validity of the continuum approximation beyond that
accessible with the standard Navier-Stokes truncation. The 13N equations are generally
considered highly challenging to solve numerically in terms of closure models, boundary
conditions, and stability.
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3. THE GENERAL THREE-FLUID MODEL

3.1. Equations of the Model

For the vast majority of plasma modeling, the assumptions introduced by the 5N-moment
equations—essentially, isotropic heat flux—are not restrictive. Also, because the 5N system is
equivalent to the multi-species Euler or Navier-Stokes equations with a Lorentz force term, it is
much better understood numerically than the higher-order moment systems. In fact, significant
progress can be made in plasma modeling with even simpler systems of equations. The principal
modeling question then becomes the choice of representation for the components of the fluid
system.

First, however, we will consider the three-component fluid model in detail, starting with the 5N
system to account for interaction of ions, electrons and neutrals, largely following [15], but
neglecting resonant charge exchange terms. This system is generalized for a particular plasma
system by adding ion and neutral equations for each species of interest, because no assumption
has been made regarding the mass of an electron relative to other species, and each species is
considered to have distinct dynamics. This implies tracking of only integer ionization states, i.e.,
qi = eZ where Z is a positive or negative integer, with a separate set of equations for each state
(e.g., N+, N2+). We note that for plasmas with many species (e.g., an air plasma) this can quickly
become very expensive to solve numerically, analogous to a chemically reacting flow/combustion
model that attempts to follow a large number of species undergoing a significant number of
chemical reactions, but may be necessary for some applications.

In the three-fluid system, processes that ionize neutrals and recombine electrons and ions will
transfer mass between each species system. From (2.38), the continuity equations become:

∂ρi

∂ t
+∇ · (ρiui) = miΓ

ion−miΓ
rec, (3.1)

∂ρe

∂ t
+∇ · (ρeue) = meΓ

ion−meΓ
rec, (3.2)

∂ρn

∂ t
+∇ · (ρnun) = mnΓ

rec−mnΓ
ion, (3.3)

where ρi = mini,ρe = mene,ρn = (mi +me)nn = mnnn define, respectively, the ion, electron and
neutral mass density in terms of the particle masses and the number densities. Note that this
definition implies singly ionized particles (Z = 1), but is easily generalized. The source terms,
Γion and Γrec, represent the ionization rate per unit volume and recombination rate per unit
volume, respectively.
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The momentum equations follow similarly, with the addition of momentum transfer (drag) terms
that arise due to particle collisions. Using the general stress tensor Pa, this gives:

∂ρiui

∂ t
+∇ · (ρiui⊗ui +Pi) = qini(E+ui×B)+Rie +Rin +Γ

ionmiun−Γ
recmiui, (3.4)

∂ρeue

∂ t
+∇ · (ρeui⊗ue +Pe) = qene(E+ue×B)−Rie +Ren +Γ

ionmeun−Γ
recmeue, (3.5)

∂ρnun

∂ t
+∇ · (ρnun⊗un +Pn) =−Rin−Ren−Γ

ionmnun +Γ
rec(miui +meue), (3.6)

where Rab is the source force density on species a due to scattering collisions with species b. In
order to conserve momentum, Rab must be anti-symmetric in the a and b indices.

The equations for the total energy, Es, account for energy exchange directly due to the previously
mentioned collisional effects, and allow for additional energy changes caused by elastic or
inelastic collisions:

∂Ei

∂ t
+∇ · (Eiui +ui ·Pi +hi) = qiniE ·ui +ui ·Rie +ui ·Rin

+Γ
ion 1

2
miu2

n +miQion
n /mn−Γ

rec 1
2

miu2
i −Qrec

i +Qie +Qin, (3.7)

∂Ee

∂ t
+∇ · (Eeue +ue ·Pe +he) = qeneE ·ue−ue ·Rie +ue ·Ren

+Γ
ion(

1
2

meu2
n−φ

ion)+meQion
n /mn−Γ

rec 1
2

meu2
e−Qrec

e −Qie +Qen, (3.8)

∂En

∂ t
+∇ · (Enun +un ·Pn +hn) =−un ·Rin−un ·Ren

−Γ
ion 1

2
mnu2

n−Qion
n +Γ

rec(
1
2

miu2
i +

1
2

meu2
e)+Qrec

i +Qrec
e −Qin−Qen, (3.9)

where Qion
n is the thermal energy associated with neutrals at ionization and Qrec

a is the thermal
energy associated with species a upon recombination. The Qab terms are the rates of transfer of
thermal energy from species b to a due to collisional effects, and are anti-symmetric in a and b.
The ionization energy term, φ ion represents energy required to create an additional free electron
via an electron-neutral collision. This energy is correspondingly removed from the electron
energy equation. Upon recombination, a photon of energy hν = φ ion is produced, and is assumed
lost from the system (it may be tallied separately). Note that source terms presented here
implicitly assume single ionization of the neutral species, i.e., qi = e and qe =−e.

The equations are also coupled via Maxwell’s equations

∂B
∂ t

+∇×E = 0, (3.10)

∂D
∂ t
−∇×H =−J, (3.11)

where D and H are the electric displacement and magnetic field as defined previously. The fluid
plasma equations couple into Maxwell’s equations through the total charge density,

q = qini +qene, (3.12)
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and the total current density,

J = Ji +Je = qiniui +qeneue. (3.13)

Familiar observations regarding conservation can be made by summing the equations for each
species. From the continuity equations, we recover the statement of mass conservation for the
closed system:

∂ρ

∂ t
+∇ · (ρu) = 0,

where the total density is defined as ρ = ρi +ρe +ρn and the momentum as
ρu = ρiui +ρeue +ρnun. Similar arguments for total momentum and energy impose the
symmetry constraints on the source terms. Also, from the right-hand sides of the momentum
equations, the familiar definition for the electrodynamic force density is recovered: qE+J×B.

Generalization of this system for multiple species and ionization levels modifies the relationship
between mn, mi, and me. Note that the momentum and energy equations as written assume single
ionization of the neutral species, i.e., mn = mi +me. This assumption appears in the terms that
account for momentum and kinetic energy transfers due to Γion and Γrec.

3.2. Closure Models

The three-fluid system described by equations (3.1)–(3.11) remains to be closed with appropriate
closure relations for the plasma being modeled. For most plasmas, and all those that will be
considered in this report, an ideal gas approximation is usually suitable. For a monatomic gas,
this takes the form

Ea =
3
2

nakBTa +
1
2

ρau2
a, (3.14)

ea =
3
2

nakBTa, (3.15)

pa = nakBTa, (3.16)

where ea, Ta, pa are the internal energy, temperature, and pressure, respectively, of species a, and
kB is the Boltzmann constant (cf. these definitions with the derivation of the 5M equations). Note
that the Boltzmann constant is occasionally omitted (giving p = nT ) when temperature is
specified in units of energy, but we prefer to retain kB in this presentation for consistency and to
remain in SI units. The ideal gas equations may be generalized for non-monatomic gases by
replacing the factor of 3/2 with 1/(γ−1), where γ is the usual heat capacity ratio that is related
to the number of degrees of freedom of the molecule. In this case, a monatomic gas is specified
using γ = 5/3.

Modeling of the deviatoric fluid stress tensor, Π, and the heat flux vector, h, typically follows
standard practice in fluid dynamics. An ideal fluid approximation ignores any dissipative effects
and drops both terms, which is the basis of the ideal two-fluid model described in the next section,
and yields an Euler-like system coupled to Maxwell’s equations. If dissipative effects are expected
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to be significant, a Newtonian fluid model can be incorporated by relating Π to the velocity
gradient, and Fourier heat conduction can be incorporated by relating h to the temperature
gradient. This will yield a Navier-Stokes–like system coupled to Maxwell’s equations.

In this case, the stress tensor may be simply approximated by

Πa =−ζa
(
∇ua +(∇ua)

T) , (3.17)

where ζa is an isotropic dynamic viscosity for species a. For the neutral fluid, ζn can be
approximated using a rigid elastic sphere model following standard gas theory [15]. For the
charged particles, [5] presents an isotropic dynamic viscosity model for an incompressible
unmagnetized plasma, and a more complex anisotropic model for a plasma in the presence of a
strong magnetic field.

Assuming that scattering collisions dominate the particle motion, standard models may also be
used for the heat flux. For the neutral fluid, a standard Fourier-type model can be used, of the
form

hn =−κn∇Tn, (3.18)

where the conductivity κn can be derived using a rigid elastic sphere model consistent with the
dynamic viscosity. For charged particles, the heat fluxes are strongly dependent on the magnetic
field, taking the form

ha =−
(
κ‖b̂⊗ b̂+κ⊥(I− b̂⊗ b̂)

)
·∇Ta−

γ peJ
naqe(γ−1)

, (3.19)

=−κ‖∇‖Ta−κ⊥∇⊥Ta−
γ

γ−1
kBTe

naneqe
J,

where b̂≡ B/|B| is the unit normal of the magnetic field direction, and the conductivities κ‖ and
κ⊥ are parallel and perpendicular to the magnetic field direction, respectively. Braginskii [5]
again provides the relevant values; see Section 4.2 for full details of this model.

3.3. An Analytic Elastic Collision Model

Closure of the collisional source terms presents the greatest challenge for solving the multi-fluid
plasma system. A common form of the momentum transfer term is

Rie =−mene(ui−ue)νie =−Rei,

where νie is a collision frequency, a complicated function of velocity and temperature derived by
making appropriate assumptions regarding the statistical particle distribution and collisions. One
analytic example of this function is adapted from [16].

Starting from the 5M equations, and neglecting ionization and recombination effects (which are
inherently inelastic collision effects), we can use the momentum equation to eliminate the kinetic
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part of the energy equation to write the following system for each species a:

∂ρa

∂ t
+∇ · (ρaua) = 0,

∂ (ρaua)

∂ t
+∇ · (ρaua⊗ua + paI +Πa)−

ρaqa

ma
(E+ua×B) =

∂ (ρaua)

∂ t

∣∣∣∣
c
,

3
2

∂ (nakBTa)

∂ t
+∇ ·

(
3
2

nakBTaua +ha

)
+ pa∇ ·ua +Πa : ∇ua =

3
2

nakB
∂Ta

∂ t

∣∣∣∣
c
.

Note that the right hand side of the temperature equation has been simplified because there is no
source for na under these assumptions. To write closed analytic expressions for the source terms,
a very simple model for the collision of a particle of species a with a particle of species b is
required. We assume purely elastic collisions that result only in a change in direction of the
relative particle velocity, g = va−vb, such that |g′|= |g|. The change in angle is characterized by
a scattering cross section, and for these elastic collisions it is the total momentum transfer cross
section, σ(g), which is of interest. This is defined by integrating a differential scattering cross
section I over all scattering angles dω (e.g., from [6]),

σ(g)g =−
∫
(g′−g)I(g,ω)dω. (3.20)

Note that contained in this definition of σ is the assumption that the collisions have azimuthally
symmetric scattering.

The general form of the classical Boltzmann term for elastic collisions is

∂ fa

∂ t

∣∣∣∣
c
=
∫

dvb

∫
dω
(

fa(v′a) fb(v′b)− fa(va) fb(vb)
)

gI(g,ω). (3.21)

Moments are taken of this equation in the usual way, but a generalized expression may be written
for the collision term for a macroscopic variable Ψ in terms of the microscopic variable ψ:

∂Ψ

∂ t

∣∣∣∣
c
=
∫

dva

∫
dvb fa fbg

∫
dωI(g,ω)

(
ψ
′−ψ

)
. (3.22)

For density, ψ = 1 = ψ ′ by conservation of particles, so as has already been assumed, there is no
continuity source term. For momentum, ψ = mava, and for temperature, ψ = ma(va−ua)

2/2. To
make further progress, a specific form for fa is required. Here, we will assume a local drifting
Maxwellian distribution for each species,

fa(x,v, t) = na(x, t)
(

ma

2πkBTa(x, t)

)3/2

exp
[
−ma(v−ua(x, t))2

2kBTa(x, t)

]
(3.23)

Note that integrating this distribution according to the macroscopic quantity definitions, (2.20)
etc., will recover the expected quantities.

After extensive work, including a variable change that introduces the macroscopic velocity
difference U = ua−ub, the general form of the momentum term is found to be

∂ (ρaua)

∂ t

∣∣∣∣
c
=−mabnaUν

M
ab, (3.24)
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where νM
ab = νM

ab(nb,vab,U) is a complicated function that defines the momentum transfer
collision frequency, and

mab =
mamb

ma +mb
, and vab =

√
kB

(
Ta

ma
+

Tb

mb

)
.

Similarly for the temperature source term,

3
2

∂Ta

∂ t

∣∣∣∣
c
=−(Ta−Tb)

mab

ma +mb
ν

E
ab +

mb

kBTb

(
ma

Ta
+

mb

Tb

)−1

mabU2
ν

M
ab, (3.25)

where νE
ab = νE

ab(nb,vab,U) is the temperature equilibration collision frequency.

A closed form expression for these two frequencies can be written down for Coulomb collisions,
which are typically the dominant process in plasmas. The momentum transfer cross section is
given by σ(g) = σ0/g4, with

σ0 =
1

4π

(
qaqb

ε0mab

)2

lnΛ, (3.26)

where lnΛ is the Coulomb logarithm, which is an order unity quantity related to the Debye
length. Physically, σ0 ∼ O(107) in SI units. This expression allows the frequency integrals to be
computed analytically, giving

ν
M
ab(nb,vab,U) = nb

σ0

U3

[
erf
(

U
vab
√

2

)
−
√

2
π

U
vab

exp
(
−1

2
U2

v2
ab

)]
, (3.27)

ν
E
ab(nb,vab,U) = nb

σ0

Uv2
ab

erf
(

U
vab
√

2

)
. (3.28)

The key observation here is that these terms are functions of the field variables, not their
derivatives. This appears to be true even for more complicated models (e.g., see [9]). In terms of
asymptotic behavior, as U → 0, νM and νE go to a constant multiplied by the number density, and
as U →∞, both go to zero (both functions are in fact monotonically decreasing functions of U).

Finally, for completeness, the source terms for the momentum and energy equations in their
original forms are:

∂ (ρaua)

∂ t

∣∣∣∣
c
=−mabna(ua−ub)ν

M
ab, (3.29)

∂Ea

∂ t

∣∣∣∣
c
=− mab

ma +mb
(Ta−Tb)nakBν

E
ab

+

[
mb

Tb

(
ma

Ta
+

mb

Tb

)−1

U2−ua · (ua−ub)

]
mabnaν

M
ab, (3.30)

where the collision frequencies νM
ab and νE

ab are as given in (3.27) and (3.28).
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3.4. A Generalized Form of the Collision Terms

For computation of a variety of plasma and collision models, a generalized form of the collision
terms in the multi-fluid equations will be useful. The following form is proposed, with a view to
supporting a simple physical explanation of the nature of each term: for each species a, the
cross-section for an interaction with a particle of species b, σ∗, is integrated to define a collision
frequency per unit volume, ν̄∗ab = 〈σ∗〉. In general, ν̄∗ab 6= ν̄∗ba, because the partitioning between
particles of different mass is rarely equal, but usually a simple relationship will exist between
them. The collision frequency as written is typically a function of the species masses, velocities,
and temperatures, (e.g., (3.27)–(3.28), although for this section the notation is generalized to
explicitly show the dependence on both species number densities).

For the likely collision terms of interest, we define four collision frequencies, per unit volume:

1. ν̄
+
ab, the frequency at which species a is created from species b; e.g., ionization for an

ion/neutral interaction,

2. ν̄
−
ab, the frequency at which species a is destroyed to become species b; e.g., recombination

for an ion/neutral interaction,

3. ν̄M
ab, the momentum transfer collision frequency tensor, a generalization of (3.27),

4. ν̄E
ab, the energy equilibration collision frequency, a generalization of (3.28).

Each of these frequencies may be a function of some combination of number density, velocity,
magnetic field strength, and temperature. Also, most generally, the momentum term ν̄M

ab is an
anisotropic tensor. The source terms are then as follows:

∂ρa

∂ t

∣∣∣∣
c
= ∑

b6=a
nambnbν̄

+
ab−∑

b6=a
nbmanaν̄

−
ab, (3.31)

∂ (ρaua)

∂ t

∣∣∣∣
c
=−∑

b6=a
mana(ua−ub)nbν̄

M
ab + ∑

b6=a
mbnbubnaν̄

+
ab−∑

b6=a
manauanbν̄

−
ab, (3.32)

∂Ea

∂ t

∣∣∣∣
c
=−∑

b6=a
(Ta−Tb)kBnanbν̄

E
ab−∑

b6=a
manaua · (ua−ub)nbν̄

M
ab

+ ∑
b 6=a

naν̄
+
abEb−∑

b 6=a
nbν̄

−
abEa +Qsrc

a . (3.33)

Note that in the momentum and energy sources, the momentum and kinetic energy gained by
species a from the creation of that species is the momentum and kinetic energy of species b. The
choice of sign should ensure that the collision frequencies are all positive quantities. An
additional term, Qsrc, is added to the energy equation to capture additional energy sources (e.g.,
energy released by ionization) that do not fit into the aforementioned categories, and may be used
for other external energy sources acting on the system. The general multi-fluid plasma equations
with these source terms is summarized in Table 3-1 at the end of this chapter.
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Comparing these source terms to the analytic collisional model given by (3.29)–(3.30), we see
that:

ν̄
+
ab = ν̄

−
ab = 0, (3.34)

ν̄
M
ab =

1
nb

mb

ma +mb
ν

M
ab, (3.35)

ν̄
E
ab =

1
nb

mamb

(ma +mb)2 ν
E
ab, (3.36)

Qsrc
a =

mamb

ma +mb

mb

Tb

(
ma

Ta
+

mb

Tb

)−1

U2naν
M
ab, (3.37)

where νM
ab and νE

ab are as defined in (3.27) and (3.28). The more general three-fluid model defined
at the beginning of this section can also be expressed in this form. Comparing notation, we have
for continuity and momentum:

Γ
ion = ninn

mn

mi
ν̄
+
in , (3.38)

Γ
rec = ninnν̄

−
in , (3.39)

Rie
i =−minine(ui−ue)ν̄

M
ie , (3.40)

Rin
i =−mininn(ui−un)ν̄

M
in , (3.41)

Ren
e =−menenn(ue−un)ν̄

M
en. (3.42)

In determining the above relationships, note that the following equivalences hold:

ν̄
+
en =

me

mi

ni

ne
ν̄
+
in , ν̄

+
ni = ν̄

−
in , ν̄

+
ne =

ni

ne
ν̄
−
in ,

ν̄
−
en =

ni

ne
ν̄
−
in , ν̄

−
ni = ν̄

+
in , ν̄

−
ne =

me

mi

ni

ne
ν̄
+
in ,

ν̄
M
ei =

mi

me
ν̄

M
ie , ν̄

M
ni =

mi

mn
ν̄

M
in , ν̄

M
ne =

me

mn
ν̄

M
en,

where we presume that ν̄
+
in , ν̄

−
in , ν̄M

ie , ν̄M
in , and ν̄M

en are given. For the source terms in the energy
equation, a close reading of [15] shows that

Qion
n = Γ

ion 3
2

kBTn,

Qrec
i = Γ

rec 3
2

kBTi,

which arise because of the high electron thermal speed assumption. A little manipulation using
the above equations and the definition of E yields consistent ionization and recombination terms,
except for Qion

e . This term does not simply reduce like Qion
i , because the moment integral cannot

be easily separated and related to usual thermodynamic quantities. Using our generalized
notation, this discrepancy, and the additional energy related to the ionization potential, can be
handled by the source term Qsrc

e , as follows:

Qsrc
e =−Γ

ion
φion−

(
Qrec

e −
3
2

Γ
ionkBTe

)
. (3.43)
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The remaining interaction terms in the energy equation (Qie
i , Qin

i , etc.) can be arbitrarily related to
the ν̄E energy transfer terms (note that [15] and [14] do not provide further information on these
terms).

3.5. Collision Coefficients

Cross-section coefficients are available for some elements based on direct Boltzmann calculation
calibrations for simplified configurations. Coefficients and transitions energies can be found in the
NIST databases [3]. The LXcat project provides electron scattering cross-sections and “swarm”
parameters as functions of the reduced electric field strength (E/n = ratio of electric field to
number density) [2, 18]. The CANTERA project provides open source information and code to
support chemical reaction networks [1].

Models for ionization and recombination are recommended by Meier [14, 15]. For ionization, the
model by Voronov [25] provides a formula for the first 28 elements, which in our notation is

mi

mn
ν̄
+
in ≈ ν̄

+
in = A

1+P
√

φion/Te

X +φion/Te

(
φion

Te

)K

exp(−φion/Te) m3/s, (3.44)

where the effective ionization potential φion and the electron temperature Te have the same energy
units (e.g., eV), and the coefficients A, P, X , and K are tabulated for each ionization. For example,
for hydrogen, φion = 13.6 eV, and

A = 2.91×10−14 m3/s, P = 0, X = 0.232, K = 0.39,

which generates a formula that is accurate to within 5% for electron temperatures from 1 eV to 20
keV. For recombination of an ion of charge Z to Z−1, the model by McWhirter [13] specifies (in
our notation)

nn

ne
ν̄
−
in = 2.6×10−19 Z2

√
Te

m3/s, (3.45)

where Te is the electron temperature in eV. This model is claimed to be accurate to within 100%
over a similar temperature range to the ionization model.

For the frictional collision terms (R or ν̄M), it is claimed [15, 7] that for plasmas with any more
than a few percent ionization, the ion-neutral and electron-neutral collision effects are negligible
compared to Coulomb collisions between charged particles. Models exist for weakly ionized
collision terms, if required, but in many cases it can be assumed that ν̄M

in = ν̄M
en = 0. The

remaining frictional term is the Coulomb collision term, Rie. An analytic model for this term is
presented in Section 3.3, but other approximate models exist that replace Rie with an anisotropic
resistivity of the form η̂ ·J, with tensor η̂ , or even more simply with an isotropic resistivity, ηJ.

If neutral-charged particle collisions are ignored, the only remaining terms to consider in the
energy equations are the Coulomb collision transfers, ν̄E

ie , and direct source terms, Qsrc
a . We have

an analytic model for ν̄E
ie in (3.28). The only direct source terms likely to be encountered are

those related to ionization, appearing in Qsrc
e . Models for the ionization potential exist, and [15]

suggest that parameterization of Qrec
e in terms of Te should feasible if this term is required.
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3.6. Summary of the Multi-fluid Model

Density
∂ρa

∂ t
+∇ · (ρaua) = ∑

b 6=a
(naρbν̄

+
ab−nbρaν̄

−
ab)

Momentum
∂ (ρaua)

∂ t
+∇ · (ρaua⊗ua + paI +Πa) = qana (E+ua×B)

−∑
b6=a

[
ρa(ua−ub)nbν̄

M
ab +ρbubnaν̄

+
ab−ρauanbν̄

−
ab

]

Energy
∂Ea

∂ t
+∇ · ((Ea + pa)ua +Πa ·ua +ha) = qanaua ·E+Qsrc

a

−∑
b6=a

[
(Ta−Tb)kBν̄

E
ab−ρaua · (ua−ub)nbν̄

M
ab−naν̄

+
abEb +nbν̄

−
abEa

]
Charge and
Current
Density

q = ∑
k

qknk J = ∑
k

qknkuk

Maxwell’s
Equations

∇×B = µ0J+
1
c2

∂E
∂ t

∇ ·E =
q
ε0

∇ ·B = 0 ∇×E =−∂B
∂ t

EOS Ea =
pa

γ−1
+

1
2

ρau2
a

Table 3-1. The multi-fluid 5-moment equations of plasma dynamics, including
collisional source terms.
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4. TWO-FLUID PLASMA MODELS

4.1. The General Two-fluid Model

Analytic progress using the three-fluid model is difficult in general. Every opportunity is
therefore taken to simplify the model, and one of the most obvious simplifications is to drop the
neutral fluid. It is argued by [15] that Coulomb collisions are the dominant collisional effect in
moderately ionized plasmas, which leaves only ionization and recombination reactions as
coupling terms between the charged particles and the neutral fluid. If even these reactions are
ignored (e.g., because the source of ionization is external), or the fluid can be treated as fully
ionized, then the problem can be reduced to a two-fluid model. Further, if the plasma can be
treated as a fully ionized gas having only electrons and one ion species, then the particle
dynamics can be treated using a perturbed Maxwellian distribution, and analytic closures can be
computed for each fluid. This forms the basis of the Braginskii closure model, described in the
following section.

Dropping the neutral fluid and ionization/recombination reactions from the three-fluid model, the
two-fluid model for a simple plasma may be written as:

∂ρi

∂ t
+∇ · (ρiui) = 0, (4.1)

∂ρe

∂ t
+∇ · (ρeue) = 0, (4.2)

∂ (ρiui)

∂ t
+∇ · (ρiui⊗ui + piI +Πi) =

ρiqi

mi
(E+ui×B)+R, (4.3)

∂ (ρeue)

∂ t
+∇ · (ρeue⊗ue + peI +Πe) =

ρeqe

me
(E+ue×B)−R, (4.4)

3
2

∂ (nikBTi)

∂ t
+∇ ·

(
3
2

nikBTiui +hi

)
+ pi∇ ·ui +∇ui : Πi = Qi, (4.5)

3
2

∂ (nekBTe)

∂ t
+∇ ·

(
3
2

nikBTeue +he

)
+ pe∇ ·ue +∇ue : Πe = Qe, (4.6)

where the energy equations have been expressed as temperature equations. Note that these
equations describe an electron-proton plasma, with Z = 1. Modifications for general Z are
provided in [5]. Note also that the analytic closure presented in Section 3.3 is compatible with
this model, as is the generalized form of the collision terms in Section 3.4.
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4.2. The Braginskii Closure

The canonical paper on plasma modeling by Braginskii, [5], contains a complete closure for the
simple two-fluid plasma. Here are reproduced the closure terms from that paper, converted to SI
units. The only exception is the conductivity model, which is instead taken from the NRL Plasma
Formulary [10]. Note that the neutral plasma assumption is built-in, i.e., ni = ne = n, and the
small electron-ion mass ratio (me/mi� 1) has been used in these derivations.

The cyclotron frequencies for the electrons and ions are

ωce =
qeB
me

, and ωci =
qiB
mi

, (4.7)

where B = |B| is the magnitude of the magnetic field. Characteristic time scales are the electron
and ion collision times,

τe =
6π
√

20πme(kBTe)
3/2ε2

0
1011λq4

en
≈ 8.71×10−6 T 3/2

e

λn
, (4.8)

τi =
6π
√

10πmi(kBTi)
3/2ε2

0
1011λq4

en
≈ 2.64×10−4

√
mi

mp

T 3/2
i
λn

, (4.9)

where λ = lnΛ is the Coulomb Logarithm, for which dynamic models exist but λ ∼ 10 is usually
adequate. Note that the numerical coefficient arises from the conversion from Gaussian/cgs units
to SI, where n has units of m−3 and T has units of Kelvin.

The Braginskii model is applicable to a plasma that satisfies all of the following conditions
[5, 10]:

1. the rate of change of quantities is slow compared to the collision rate, i.e., d/dt� 1/τ ,

2. the plasma macroscopic length scale is large compared to the mean free path in either fluid,

3. the Coulomb logarithm λ � 1,

4. the electron gyroradius is much larger than the Debye length, i.e., 2neme� ε0B2,

5. the relative drift velocity is small compared to the thermal velocities, i.e.,
|ue−ui|2� kBTe/me,kBTi/mi,

6. anomalous transport effects are negligible.

Further, the product ωcτ should be either zero (no magnetic field) or large. The coefficients that
depend on B or the magnetic field direction b̂ apply for ωcτ � 1; if B = 0, the transport
coefficients are given by the values parallel to B alone. Also, if ωceτe� 1� ωciτi, the electron
closure for large B can be used alongside the ion closure for B = 0.

The interaction force R is partitioned into frictional and thermal parts, R = Ru +RT where the
frictional part is given by

Ru = nqe

(
J‖
σ‖

+
J⊥
σ⊥

)
, (4.10)
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and the thermal part by

RT =−0.71n∇‖(kBTe)−
3n

2ωceτe
b̂×∇⊥(kBTe), (4.11)

where the parallel and perpendicular direction derivatives are relative to the magnetic field
direction, b̂. The conductivities are [10]:

σ‖ = 1.96σ0, and σ⊥ = σ0(ωceτe)
−2, (4.12)

where

σ0 =
nq2

eτe

me
.

For the ions, the heat generated by collisions with electrons is

Qi =
3me

mi

nkB

τe
(Te−Ti). (4.13)

For the electrons, their small mass relative to the ions adds a frictional term:

Qe =−Qi−R · (ue−ui). (4.14)

Closure for the fluid model provides values for the stress tensor and heat flux vector. The stress
model is a simple viscous model, such that the stress is linearly proportional to the rate of strain
tensor,

Wi j =
∂ui

∂x j
+

∂u j

∂xi
− 2

3
δi j

∂uk

∂xk
. (4.15)

In the absence of a magnetic field, this is particularly simple,

Πi j =−η0Wi j, (4.16)

but in a strong magnetic field (ωcτ � 1), the stress tensor becomes aligned with b̂. In the
coordinate system with the third axis parallel to the magnetic field, the components of the stress
tensor are:

Π11 =−
1
2

η0(W11 +W22)−
1
2

η1(W11−W22)−η3W12,

Π12 =−η1W12 +
1
2

η3(W11−W22) = Π21,

Π13 =−η2W13−η4W23 = Π31,

Π22 =−
1
2

η0(W11 +W22)−
1
2

η1(W22−W11)+η3W12,

Π23 =−η2W23 +η4W13 = Π32,

Π33 =−η0W33.

(4.17)

Both fluids have this form, with the following viscous coefficients: for the ion species,

η
i
0 = 0.96nikBTiτi,

η
i
1 =

3
10

nikBTi

ω2
ciτi

, η
i
2 = 4η

i
1, η

i
3 =

1
2

nikBTi

ωci
, η

i
4 = 2η

i
3,

(4.18)
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and for the electron species,

η
e
0 = 0.73nekBTeτe,

η
e
1 = 0.51

nekBTe

ω2
ceτe

, η
e
2 = 4η

e
1 , η

e
3 =−1

2
nekBTe

ωce
, η

e
4 = 2η

e
3 .

(4.19)

The heat flux vector is also dependent on the magnetic field direction. The ion heat flux has a
Fourier-type form (for ωciτi� 1):

hi =−κ
i
‖∇‖Ti−κ

i
⊥∇⊥Ti +κ

i
∧b̂×∇⊥Ti, (4.20)

with the conductivities

κ
i
‖ = 3.9

nik2
BTiτi

mi
, κ

i
⊥ = 2

nik2
BTi

miω
2
ciτi

, κ
i
∧ =

5
2

nik2
BTi

miωci
. (4.21)

The electron heat flux is split into drift and thermal components, he = hu
e +hT

e , which take the
forms

hu
e = 0.71nekBTeu‖+

3
2

nekBTe

ωceτe
b̂×u⊥, (4.22)

hT
e =−κ

e
‖∇‖Te−κ

e
⊥∇⊥Te +κ

e
∧b̂×∇⊥Te, (4.23)

where u = ue−ui. The electron thermal conductivities are

κ
e
‖ = 3.16

nek2
BTeτe

me
, κ

e
⊥ = 4.66

nek2
BTe

meω2
ceτe

, κ
e
∧ =

5
2

nek2
BTe

meωce
. (4.24)

In order to implement the Braginskii model numerically, care is required to properly handle the
extreme values in the coefficients without a severe loss of precision. Also, the terms that depend
on the magnetic field magnitude, B, must transition smoothly for any field value. The only
estimate for field magnitude provided by the model is the condition ωτ � 1 for magnetic effects
to be present. Notably, coefficients in the model that depend on B are (or can be related to)
functions of ωτ . To smoothly transition these numerically, we arbitrarily choose ωτ = 1 as
condition at which magnetic field effects become relevant (although the model may not be
accurate at such intermediate magnitudes). The complete set of closure terms expressed in this
form is summarized in Table 4-1.

4.3. Heavy/Light Fluid System

Another approach for simplifying the complexity of source terms is to consider a fluid description
with some average ionization and recombination rates and ionization state. A gas ionized to a
maximum state Z can be described using (Z +2) fluids (assuming no negatively charged ions),
where each ionization state of the heavy molecule is numbered 0≤ i≤ Z (zero being the neutral
state), and the electrons are labeled e. The charge of each heavy fluid is given by ie where i is the
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ωciτi 4.229×10−23 BT 3/2
i
√

m̃i

λρi
ωceτe 1.395×10−24 BT 3/2

e

λρe

nqe

σ0
7.166×1023 λρe

T 3/2
e

Ru‖ 0.5102
nqe

σ0
Ru⊥ (ωceτe)

2 nqe

σ0

RT‖ 1.0764×107 ρe RT⊥ 2.274×107 ρe

ωceτe

Qi 3.121×1039 λρ2
e

m̃iT
3/2

e

η i
0 3.500×10−27 T 5/2

i
√

m̃i

λ
ηe

0 8.781×10−29 T 5/2
e

λ

η i
1 0.3125

η i
0

(ωciτi)2 ηe
1 0.6986

ηe
0

(ωceτe)2

η i
3 0.5208

η i
0

ωciτi
ηe

3 −0.6849
ηe

0
ωceτe

κ i
‖ 1.1735×10−22 T 5/2

i
λ
√

m̃i
κe
‖ 5.763×10−21 T 5/2

e

λ

κ i
⊥ 0.5128

κ i
‖

(ωciτi)2 κe
⊥ 1.4747

κe
‖

(ωceτe)2

κ i
∧ 0.6410

κ i
‖

ωciτi
κe
∧ 0.7911

κe
‖

ωceτe

κe
u‖ 1.0764×107 Teρe

κe
u⊥ 2.113

κe
u‖

ωceτe

Table 4-1. List of the Braginskii model terms with physical constants evalu-
ated. The electron density is used in preference to the ion density to define
the number density as applicable. The ion mass is expressed in proton mass
units, i.e., m̃i = mi/mp.
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ionization state and e is the elementary charge. A center of mass coordinate for species 0≤ i≤ Z
is defined by

mαnα =
Z

∑
i=0

mini, mαnαuα =
Z

∑
i=0

miniui, Eα =
Z

∑
i=0

Ei. (4.25)

Additional mass-averaged quantities will be introduced as necessary. Summing over the atomic
conservation of mass equations we have

∂

∂ t

Z

∑
i=0

mini +∇ ·
Z

∑
i=0

miniui =
Z−1

∑
i=0

∑
j 6=i

nin j(m jν̄
+
i j −miν̄

−
i j )

+
Z

∑
i=0

nine(meν̄
+
ie −miν̄

−
ie ), (4.26)

where conservation of mass implies that

ν̄
+
i j = ν̄

−
ji . (4.27)

Noting that the ionization and recombination terms now vanish and we are left with

∂

∂ t
mαnα +∇ ·mαnαuα =

Z

∑
i=0

nine(meν̄
+
ie −miν̄

−
ei ), (4.28)

we then introduce the average ionization and recombination rates as

mαnα ν̄
±
αe =

Z

∑
i=0

miniν̄
±
ie . (4.29)

This yields the atomic and electron conservation of mass equations

∂

∂ t
mαnα +∇ · (mαnαuα) = nαne(meν̄

+
αe−mα ν̄

−
αe), (4.30)

∂

∂ t
mene +∇ · (meneue) = nαne(mα ν̄

−
αe−meν̄

+
αe). (4.31)

For the averaged momentum equation we will assume that ui = uα for 0≤ i≤ Z, i.e., that the
various ions do not drift apart under ionization, which is reasonable for a well-mixed relatively
heavy material. Summing conservation of momentum for each species we then have

∂

∂ t

Z

∑
i=0

nimiuα +∇ ·
Z

∑
i=0

(nimiuα ⊗uα + piI+Πi)

=
Z

∑
i=0

eini(E+uα ×B)+
Z−1

∑
i=0

∑
j 6=i

nin j(m jν̄
+
i j −miν̄

−
i j )uα

+
Z

∑
i=0

nine(meν̄
+
ie ue−miν̄

−
ie uα)+

Z

∑
i=0

miniν̄
M
ie (uα −ue). (4.32)
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We now define the average ionization state, which we call Z̄ by the identity

Z̄nα =
Z

∑
i=0

ini. (4.33)

To complete the system, we define the total pressure and deviatoric stress by

pα =
Z

∑
i=0

pi, Πα =
Z

∑
i=0

Πi, (4.34)

and introduce the average friction given by

mαnα ν̄
M
αe(uα −ue) =

Z

∑
i=0

miniν̄
M
ie (uα −ue). (4.35)

Simplifying, we are left with atomic and electron conservation of momentum:

∂

∂ t
mαnαuα +∇ · (mαnαuα ⊗uα + pαI+Πα) = eZ̄αnα(E+uα ×B)

+nαne(mα ν̄
+
αeuα −meν̄

−
αeue)+mαnα ν̄

M
αe(uα −ue), (4.36)

∂

∂ t
meneue +∇ · (meneue⊗ue + peI+Πe) =−ene(E+ue×B)

+nenα(meν̄
−
αeue−mα ν̄

+
αeuα)+meneν̄

M
eα(ue−uα). (4.37)

For the total energy system we will assume that each of the ion species is in thermal equilibrium,
Ti = Tα for 0≤ i≤ Z. Summing over all of the ion energy equations we have

∂

∂ t

Z

∑
i=0

Ei +∇ ·
Z

∑
i=0

((Ei + pi)uα +Πi ·uα +hi) =
n

∑
i=0

einiuα ·E+Qi +
Z

∑
i=0

∑
j 6=i

niν̄
+
i j E j−n jν̄

−
i j Ei

+
Z

∑
i=0

niν̄
+
ie Ee−neν̄

−
ie Ei +(Te−Tα)kBν

E
ie +minineuα ·νM

ie (uα −ue). (4.38)

First we will deal with the energy transfer between each ion species. Given that ui = uα for all
species, we know that the total energy of each component, Ei, differs only in the internal energy
density, which obeys

Ei−
1
2

mini|uα |2 = ei ∝ niTi = niTα . (4.39)

Assuming that the proportionality constant for each ionization state is identical we have

Z

∑
i=0

∑
j 6=i

niν̄
+
i j E j−n jν̄

−
i j Ei ∝ Tα

Z

∑
i=0

∑
j 6=i

nin j(ν̄
+
i j − ν̄

−
i j ) = 0. (4.40)

The energy exchange due to ionization and recombination is harder to average, but given our
assumptions thus far it is reasonable to conclude that

Ei =
ni

nα

Eα . (4.41)
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The thermal collision term, heat flux, and external heating can be averaged in the obvious way:

ν̄
E
αe =

Z

∑
i=0

ν̄
E
ie , hα =

Z

∑
i=0

hi, Qα =
Z

∑
i=0

Qi. (4.42)

Conservation of energy for the atomic and electron systems is then expressed as the two
equations

∂

∂ t
Eα +∇ · ((Eα + pα)uα +Πα ·uα +hα) = eZ̄uα ·E+Qα

+nα ν̄
+
αeEe−neν̄

−
αeEα +(Te−Tα)kbν̄

T
αe +mαnαuα · (uα −ue)ν̄

M
αe, (4.43)

∂

∂ t
Ee +∇ · ((Ee + pe)ue +Πe ·ue +hα) =−eue ·E+Qe

−nα ν̄
+
αeEe +neν̄

−
αeEα +(Tα −Te)kbν̄

T
αe +meneue · ν̄M

eα(ue−uα). (4.44)

Given this derivation, it appears clear that if constitutive laws are available to close the (Z +2)
fluid system, then a constitutive law is required to define the ratio

ni

nα

=
ni

nα

(nα ,eα) (4.45)

at each point phase space. As we have assumed that the Z +1 ions are in thermal equilibrium,
these statistics can be consistently computed at thermal equilibrium. Further, it may be reasonable
for heavier atoms to assume that mi = m0, i.e., that mass changes due to the loss of electrons is
negligible.

4.4. The Ideal Two-fluid Model

From an analytical and numerical standpoint, the collisional source terms are the most
challenging aspect of the multi-fluid plasma equations. Most analysis of the multi-fluid plasma
system therefore idealizes the fluids, and neglects all interaction source terms between the
electron and ion fluids. This is reasonable if collision frequencies are sufficiently large that the
fluids equilibrate on time scales shorter than the time scales of interest, for example. The ideal
fluid assumption also drops the fluid stress tensor and heat flux terms, and so reduces the
multi-fluid plasma model to an Euler-Maxwell system (see [21]). In this case, the electron and ion
fluids couple only through Maxwell’s equations, although momentum transfer terms may be
retained if desired (not shown here). Note that the ideal two-fluid model remains considerably
more general than the MHD approximation, as it tracks separate motion of ions and electrons.

By treating the fluids as ideal, i.e., inviscid and perfectly conducting, a pair of hyperbolic
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Euler-like systems is obtained from (4.1)–(4.6) for the plasma model:

∂ρi

∂ t
+∇ · (ρiui) = 0, (4.46)

∂ρe

∂ t
+∇ · (ρeue) = 0, (4.47)

∂ (ρiui)

∂ t
+∇ · (ρiui⊗ui + piI) =

ρiqi

mi
(E+ui×B) , (4.48)

∂ (ρeue)

∂ t
+∇ · (ρeue⊗ue + peI) =

ρeqe

me
(E+ue×B) , (4.49)

∂εi

∂ t
+∇ · (εiui + piui) =

ρiqi

mi
E ·ui, (4.50)

∂εe

∂ t
+∇ · (εeue + peue) =

ρeqe

me
E ·ue. (4.51)

Note that it is occasionally convenient to rewrite the momentum equations in terms of the partial
current densities, Js = qsnsus, to simplify the Maxwell coupling.

This idealized model (4.46)–(4.51) is useful for exploring the asymptotic limits of plasma
behavior [21]. A representative length scale is the Larmor radius, defined as the radius of gyration
of a charged particle in a magnetic field as it undergoes cyclotron motion, given by the ratio of the
particle thermal velocity (uT =

√
2ps/ρs) to the cyclotron frequency (ωc =

√
qsB/ms),

rL = uT/ωc. A nondimensionalization of the equations shows that the right-hand side terms are
normalized by the inverse Larmor radius, so in the limit of rL→ ∞, the neutral gas dynamic limit
is recovered and the usual Euler equations are obtained for each fluid. In the limit of rL→ 0, the
MHD limit is recovered and the fluids become tightly coupled to the magnetic field (i.e., charge
separation effects disappear). This relationship is also shown in Figure 1-1.

Other asymptotic approximations are also instructive. MHD models assume negligible electron
inertia, and in the case of ideal MHD, an infinite speed of light [8, 22], and therefore treat the
plasma as a single conducting fluid. The Hall-MHD model captures some charge separation
phenomena by allowing for different bulk ion and electron velocities, which permits finite Larmor
radii. A full discussion of the scalings for which the MHD, Hall-MHD, and two-fluid models are
valid is presented in [8].
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5. GENERALIZED OHM’S LAW

5.1. Recasting the Two-fluid Equations

To capture charge separation (displacement current) effects in a plasma, it is not always necessary
to fully describe the ion and electron motion. In particular, the electron inertia may be negligible
compared to the ion inertia, because of the physical difference in mass of each particle: even in a
hydrogen proton-electron plasma, the mass ratio mi/me is on the order of 1800. With this
approximation, the two-fluid equations are rewritten in a center-of-mass frame to yield equations
describing the bulk fluid motion and charge separation effects. In particular, a PDE is derived for
the current density, J, which is cast as a generalized Ohm’s Law, hence the name for this
system.

The model begins with the ideal two-fluid model, (4.46)–(4.51) without momentum transfer
terms. We note that this derivation largely follows [12] in which momentum transfer source terms
are retained, however. First, we define quantities in the center-of-mass frame: the density,

ρ = ρi +ρe = mini +mene, (5.1)

the charge density,
q = qini +qene, (5.2)

the center-of-mass velocity,

u =
ρiui +ρeue

ρ
, (5.3)

and the current density,
J = qiniui +qeneue. (5.4)

The separate fluid velocities may now be rewritten in terms of the new variables:

ui =
qeρu−meJ

ni(qemi−qime)
= u+

ρe

ρ
Γ, (5.5)

ue =
−qiρu+miJ

ne(qemi−qime)
= u− ρi

ρ
Γ, (5.6)

where the Hall velocity, Γ is defined as

Γ≡ ui−ue =
ρ(qu−J)

nine(qemi−qime)
. (5.7)
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Casting the continuity equations into the new variables is trivial. The mass conservation equation
is simply the sum of the single fluid equations, and the charge conservation equation is the sum of
the ion equation multiplied by qi/mi and the electron equation multiplied by qe/me:

∂ρ

∂ t
+∇ · (ρu) = 0,

∂q
∂ t

+∇ ·J = 0.

Note that these equations are exact, i.e., the negligible mass approximation was not needed to
derive them.

The momentum equation is derived by summing the two-fluid equations and substituting the
velocity expressions (5.5)–(5.6). This yields

∂ρu
∂ t

+∇ ·
[

ρu⊗u+ pI +
ρmime

nine(qemi−qime)2

(
q2u⊗u−q(u⊗J+J⊗u)+J⊗J

)]
= qE+J×B. (5.8)

Multiplying the ion and electron momentum equations by qi/mi and qe/me and summing gives a
long expression for the current density:

∂J
∂ t

+∇ ·
[

qiqeqρ2u⊗u−qiqeρ2(u⊗J+J⊗u)+(qinem2
e +qenim2

i )J⊗J
nine(qemi−qime)2

+

(
qi

mi
pi +

qe

me
pe

)
I
]
=

q2
i ni

mi
(E+ui×B)+

q2
ene

me
(E+ue×B) (5.9)

These equations are somewhat unwieldy in this form until the approximation of me� mi is
applied. By inspection, the momentum correction term is O(me/mi), and the simplified equation
can be written down:

∂ρu
∂ t

+∇ · (ρu⊗u+ pI) = qE+J×B. (5.10)

Note that this is the same form for the fluid momentum equation as is seen in MHD models; the
generalized Ohm’s Law differs by including the PDE for the current density alongside. To
simplify (5.9), note that ρ ∼ mini, and

ui ∼ u,

ue ∼
1

qene
(J−qiniu) .

With some further manipulation, the generalized Ohm’s Law equation for negligible electron
inertia is derived:

∂J
∂ t

+∇ ·
[

J⊗J
qene

+

(
q

qene
−1
)
(qu⊗u−u⊗J−J⊗u)+

qe

me
peI
]

=
qe

me

[
qeneE+

(
J+
(
1− q

qene

)
u
)
×B
]
. (5.11)
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The energy equations are derived for the total energy density, E , and the electron energy density,
Ee. The definition of Ee is unchanged, but is now rewritten in terms of the new variables:

Ee =
pe

γ−1
+

1
2

ρeu2
e =

pe

γ−1
+

1
2

me

ne(qemi−qime)2 (miJ−qiρu)2 . (5.12)

The total energy density E = Ei +Ee, is given by

E =
p

γ−1
+

1
2

ρu2 +
1
2

mimeρ

nine(qemi−qime)2 (ρu−J)2 . (5.13)

Writing the electron energy equation requires only substitution of the appropriate quantities to
obtain

∂Ee

∂ t
+∇ ·

[
miJ−qiρu

ne(qemi−qime)
(Ee + pe)

]
= qeE · miJ−qiρu

qemi−qime
. (5.14)

The total energy equation is the sum of the ion and electron equations,

∂E

∂ t
+∇ ·

[
qeρu−meJ

ni(qemi−qime)
(E + p−Ee− pe)+

miJ−qiρu
ne(qemi−qime)

(Ee + pe)

]
= qiE ·

qeρu−meJ
qemi−qime

+qeE · miJ−qiρu
qemi−qime

. (5.15)

Now applying me� mi, with a little algebra we obtain for the total energy,

∂E

∂ t
+∇ ·

[
(E + p)u+(Ee + pe)

J−qu
qene

]
= E ·J, (5.16)

and for the electron energy equation,

∂Ee

∂ t
+∇ ·

[
(Ee + pe)

(
u+

J−qu
qene

)]
= E ·

(
J+
(
q−qene

)
u
)
, (5.17)

where

E =
p

γ−1
+

1
2

ρu2 +
1
2

me

q2
ene

(J−qu)2 , (5.18)

Ee =
pe

γ−1
+

1
2

mene

(
u+

J−qu
qene

)2

. (5.19)

5.2. Nondimensionalization

In order to derive the generalized Ohm’s Law presented in [12], a nondimensionalization of these
equations is required in order to make scaling arguments for terms that can be neglected. First, the
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complete dimensional system:

∂ρ

∂ t
+∇ · (ρu) = 0, (5.20)

∂ρu
∂ t

+∇ · (ρu⊗u+ pI) = qE+J×B (5.21)

∂E

∂ t
+∇ ·

[
(E + p)u+(Ee + pe)

J−qu
qene

]
= E ·J, (5.22)

∂q
∂ t

+∇ ·J = 0, (5.23)

∂J
∂ t

+∇ ·
[

J⊗J
qene

+

(
q

qene
−1
)
(qu⊗u−u⊗J−J⊗u)+

qe

me
peI
]

=
qe

me

[
qeneE+

(
J−
( q

qene
−1
)
u
)
×B
]

(5.24)

∂Ee

∂ t
+∇ ·

[
(Ee + pe)

(
u+

J−qu
qene

)]
= E ·

(
J−
(
q−qene

)
u
)
. (5.25)

Next, we define the reference scales for the nondimensionalization, listed in Table 5-1. Two
important reference velocity scales are defined: first, the Alfvén speed,

Va0 =
B0√
ρ0µ0

, (5.26)

which is the reference speed of the fluid center-of-mass flow, and second, the Hall speed,

Vh0 =
B0

qene0 µ0L0
, (5.27)

which is the reference speed for the charge flow. Note that the reference charge density, q0, has an
unexpected definition that is a function of both Alfvén and Hall velocity scales to be consistent
with [12].

Replacing the dimensional variables with dimensionless equivalents, denoted by a tilde, the
continuity and momentum equations are:

∂ ρ̃

∂ t̃
+ ∇̃ · (ρ̃ũ) = 0,

∂ ρ̃ũ
∂ t̃

+ ∇̃ ·
(

ρ̃ũ⊗ ũ+
p0

ρ0V 2
a0

p̃I
)
=

V 2
a0

c2
0

q̃Ẽ+ J̃× B̃

V 2
a0

c2
0

∂ q̃
∂ t̃

+ ∇̃ · J̃ = 0,

∂ J̃
∂ t̃

+ ∇̃ ·

[
Vh0

Va0 ñe
J̃⊗ J̃+

(
Va0Vh0

ñec2
0

q̃−1
)(

V 2
a0

c2
0

q̃ũ⊗ ũ− ũ⊗ J̃− J̃⊗ ũ

)
+

pe0

mene0Vh0Va0

p̃eI

]

=
qeñeB0L0

meVh0

[
Ẽ+

(
Vh0

Va0 ñe
J̃−
(Va0Vh0

ñec2
0

q̃−1
)
ũ
)
× B̃
]
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Length x L0
Time t t0 = L0/u0
Density ρ ρ0
Velocity u Va0

Pressure p p0
Electron number density ne ne0

Charge density q q0 = qene0Va0Vh0/c2
0

Current density J J0 = qene0Vh0

Electric field E E0 = B0u0
Magnetic field B B0
Energy E E0 = ρ0u2

0
Electron energy Ee Ee0 = mene0u2

0

Table 5-1. Reference quantities for nondimensionalization of the generalized
Ohm’s Law system (5.20)–(5.25). The reference Alfvén speed, Va0 , and the
reference Hall speed, Vh0 , are defined in (5.26) and (5.27), respectively.

To simplify some of these terms, we introduce the following definitions:

β =
p0

ρ0V 2
a0

p̃ =
p0µ0

B2
0

p̃, (5.28)

q′ =
V 2

a0

c2
0

q̃, (5.29)

Vh =
Vh0

Va0 ñe
, (5.30)

βe =
pe0

mene0V 2
a0

p̃e =
pe0 µ0ρ0

ρe0B2
0

p̃e, (5.31)

λe =

√
meVh0

qeñeB0L0
=

√
c2

0

ñeL2
0

q2
ene0

meε0
= λe0/

√
ñeL2

0. (5.32)

This last quantity is a normalization of the reference electron inertial length, λe0 = c0/ωpe0 ,
which is defined in terms of the plasma frequency

ωpe0 =

√
q2

ene0

meε0
. (5.33)

For the energy equations, the nondimensional forms of (5.18) and (5.19) are

Ẽ =
β

γ−1
+

1
2

ρ̃ ũ2 +
1
2

ρe0

ρ0
ñeV 2

h
(
J̃−q′ũ

)2
, (5.34)

Ẽe =
βe

γ−1
+

1
2

ñe
(
ũ+Vh(J̃−q′ũ)

)2
. (5.35)
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With a little manipulation, and using the quantities identified above, the complete nondimensional
system is as follows:

∂ ρ̃

∂ t̃
+ ∇̃ · (ρ̃ũ) = 0, (5.36)

∂ ρ̃ũ
∂ t̃

+ ∇̃ · (ρ̃ũ⊗ ũ+β I) = q′Ẽ+ J̃× B̃, (5.37)

∂ Ẽ

∂ t̃
+ ∇̃ ·

[
(Ẽ +β )ũ+

ρe0

ρ0
(Ẽe +βe)Vh

(
J̃−q′ũ

)]
= J̃ · Ẽ, (5.38)

∂q′

∂ t̃
+ ∇̃ · J̃ = 0, (5.39)

∂ J̃
∂ t̃

+ ∇̃ ·
[
VhJ̃⊗ J̃+

(
Vhq′−1

)(
q′ũ⊗ ũ− ũ⊗ J̃− J̃⊗ ũ

)
+

Va0

Vh0

βeI
]

=
1

λ 2
e

[
Ẽ+

(
VhJ̃−

(
Vhq′−1

)
ũ
)
× B̃
]
, (5.40)

∂ Ẽe

∂ t̃
+ ∇̃ ·

[(
Ẽe +βe

)(
ũ+Vh(J̃−q′ũ)

)]
=

1
λ 2

e

Vh0

Va0

(
VhJ̃− (Vhq′−1)ũ

)
· Ẽ. (5.41)

From this system, scaling arguments can be made to simplify the equations (and the equation for
J̃ in particular) to derive a models of intermediate complexity between the full two-fluid system
and MHD.

5.3. Simplified Generalized Ohm’s Law Models

We can simplify towards an MHD model by neglecting charge separation effects due to q′, the
flow of free charge relative to the current density, q′ũ� J̃, and electron energy/pressure terms.
Thus

∂ ρ̃

∂ t̃
+ ∇̃ · (ρ̃ũ) = 0, (5.42)

∂ ρ̃ũ
∂ t̃

+ ∇̃ · (ρ̃ũ⊗ ũ+β I) = J̃× B̃, (5.43)

∂ Ẽ

∂ t̃
+ ∇̃ ·

(
ũ(Ẽ +β )

)
= J̃ · Ẽ, (5.44)

∂q′

∂ t̃
+ ∇̃ · J̃ = 0, (5.45)

∂ J̃
∂ t̃

+ ∇̃ ·
(

ũ⊗ J̃+ J̃⊗ ũ+VhJ̃⊗ J̃+
Va0

Vh0

βeI
)

=
1

λ 2
e

[
Ẽ+

(
VhJ̃+ ũ

)
× B̃
]
. (5.46)
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Note that the energy, Ẽ , is now defined as

Ẽ =
β

γ−1
+

1
2

ρ̃ ũ2 +
1
2

ρe0

ρ0
ñeV 2

h J̃2. (5.47)

Further simplification can be made by assuming that the electron inertial length goes to zero to
yield the Hall MHD approximation,

Ẽ+
(
VhJ̃+ ũ

)
× B̃ = 0. (5.48)

Note that a conductivity term would appear in this equation if collision terms had been kept in the
ion and electron equations.
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6. TWO-FLUID VERIFICATION USING LINEAR PLASMA WAVE
SOLUTIONS

The general two-fluid plasma equations have a rich and detailed mathematical structure even in
the limits of low temperature and limited collisionality. This can be understood by a simple
counting argument. In three spatial dimensions there are five equations for each species (mass,
momentum and energy) and three equations each for Faraday’s and Ampere’s laws. Thus the
basic two-fluid system has sixteen degrees of freedom and is hyperbolic with interacting source
terms. A useful starting point for building understanding of the system is a dispersive linear wave
analysis about a reference base state. This will be used here, along with some additional
approximations, to provide a verification approach for the two-fluid system.

For cold plasmas, a comprehensive picture of the possible wave modes is possible using the
Clemmow-Mullaly-Allis (CMA) diagram (e.g., in [4]) to classify waves at different frequencies.
This diagram provides a visualization in density-magnetic field space of the waves supported in
different frequency regions and their character. The waves are generally anisotropic with respect
to the magnetic field direction. Capturing both phase and group velocity (ray velocity, wave front)
surfaces as a function of wave-normal direction are of interest for numerical verification purposes.
Since plasma waves are highly dispersive, the wave analysis is much more complicated than
simpler non-dispersive systems.

A very large class of analytical and semi-analytical solutions to propagating small-amplitude
waves in plasmas exists [4]. These solutions are obtained by assuming a traveling wave form
exp(ik ·x− iωt) for the solution fields and appropriately linearizing the governing equations. To
maintain tractability of the plasma wave solutions developed here, we will restrict our attention to
single-fluid (electron) and two-fluid (electron-ion) cases. For the latter, denoting the electron fluid
with subscript e and the singly-ionized fluid with subscript i, the continuity and momentum
equations from the two-fluid model are given by

∂ρe

∂ t
+∇ · (ρeue) = 0, (6.1)

∂ρi

∂ t
+∇ · (ρiui) = 0, (6.2)

∂ (ρeue)

∂ t
+∇ · (ρeue⊗ue + peI) =−ρee

me
(E+ue×B)+Ren, (6.3)

∂ (ρiui)

∂ t
+∇ · (ρiui⊗ui + piI) =

ρie
mi

(E+ui×B)+Rin. (6.4)

We are neglecting ionization/recombination reactions and the viscous stress tensor, but retaining
collisions with a background neutral species. The pressure terms are modeled by an adiabatic
equation of state for species a where pan−γ

a is constant, which results in ∇pa = γkBTa∇na. Here,
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the adiabatic constant is for one-dimensional (single degree-of-freedom) compressive waves,
which is set to γ = 3. For the collision terms, we assume a stationary neutral species (un = 0)
yielding Ran =−manauaνan.

Maxwell’s equations for free space are repeated here for completeness,

∇ ·E =
q
ε0
, (6.5)

∇ ·B = 0, (6.6)

∇×E =−∂B
∂ t

, (6.7)

∇×B = µ0J+
1
c2

∂E
∂ t

, (6.8)

where the charge density is q = e(ni−ne) and the current is J = e(niui−neue).

For harmonic traveling waves in the k direction, the solution fields can be represented as

ne = ρe/me = n0 + ñe exp(ik ·x− iωt), (6.9)
ni = ρi/mi = n0 + ñi exp(ik ·x− iωt), (6.10)
ue = ũe exp(ik ·x− iωt), (6.11)
ui = ũi exp(ik ·x− iωt), (6.12)

E = Ẽexp(ik ·x− iωt), (6.13)

B = B0 + B̃exp(ik ·x− iωt). (6.14)

Here, the tilde versions of the variables refer to small amplitude perturbations with respect to
plasma number density n0 and external magnetic field B0.

As shown in [4], the sole requirement for linearizing the system above is that the particle
velocities are small compared to the wave phase velocity, i.e. ||u|| � ω/k. Under this
assumption, the nonlinear terms in the continuity, momentum, and Ampere’s Law equations are
approximated as

∂ρa

∂ t
+∇ · (ρaua)≈ ma

(
∂na

∂ t
+n0∇ ·ua

)
, (6.15)

∂ (ρaua)

∂ t
+∇ · (ρaua⊗ua)≈ man0

∂ua

∂ t
, (6.16)

E+ua×B≈ E+ua×B0, (6.17)
J = e(niui−neue)≈ n0e(ui−ue). (6.18)
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The overall system of equations in harmonic form thus reduces to

ω ñe = n0k · ũe, (6.19)
ω ñi = n0k · ũi, (6.20)

−iωũe =−
e

me
(Ẽ+ ũe×B0)− i

kV 2
se

n0
ñe−νenũe, (6.21)

−iωũi =
e

me
(Ẽ+ ũi×B0)− i

kV 2
si

n0
ñi−νinũi, (6.22)

iε0k · Ẽ = e(ñi− ñe), (6.23)

k · B̃ = 0, (6.24)

k× Ẽ = ωB̃, (6.25)

iε0c2k× B̃ = n0e(ũi− ũe)− iε0ωẼ. (6.26)

Here, the adiabatic sound frequencies are Vsa =
√

γkBTa/ma. These equations can be solved to
obtain the fundamental mode shapes and corresponding dispersion relations ω(k), where the
number and character of the modes depend strongly on many factors, including the existence and
alignment of B0 relative to k, species temperatures, and collisionality.

The dispersion relations for these modes are described in detail in [4], while the full expressions
for each verification problem are given the following sections. For convenience, we will assume
without loss of generality that the wavevector k = (k,0,0) is pointing in the x1 direction, and
consider external magnetic fields which are zero (B0 = 0), aligned with the direction of
propagation (B0 = (B0,0,0)), or normal to the direction of propagation (B0 = (0,B0,0)). For
consistency in treating these linearized waves, we introduce a dimensionless perturbation
parameter

δ =
k
ω

max{||ue||, ||ui||} � 1

to ensure that the linearization condition is always satisfied.

Since we do not discuss any particular numerical method in this report, the dots (labeled "sim")
on some of the plots that follow in the sections below give representative results to show how
specific frequencies can be computed at a given wavenumber and cross-plotted on the exact
dispersion curves. Each dot represents a single computation in which numerical initial conditions
are chosen to match the desired mode and thus isolates the wave mode of interest.
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6.1. Cold Unmagnetized Electron Plasma Waves

The cold unmagnetized collisionless electron plasma waves are the simplest version of the
general formulation above. Here, the ion species is assumed to be immobile and represented
exclusively as a constant charge density ni = n0 used to balance Gauss’ Law for E via
ε0∇ ·E(x, t) = e[ni(x)−ne(x, t)], B = 0, and Te = 0. Under these assumptions, both longitudinal
electron plasma (LEP) and transverse electromagnetic (TEM) waves propagate. The longitudinal
electron plasma wave has a complex dispersion relation that is independent of k and is simply:

ω = ωpe =

√
e2n0

ε0me
. (6.27)

The full LEP wave mode solution is:

ρe(x, t) = men0[1+δ sin(kx1−ωt)], (6.28)

ue(x, t) =
ω

k
δ

(
sin
(
kx1−ωt),0,0

)
, (6.29)

E(x, t) =
en0

ε0k
δ

(
cos(kx1−ωt),0,0

)
, (6.30)

B(x, t) =
(
0,0,0

)
. (6.31)

Note that this is fundamentally an electrostatic mode since ∇×E = 0.

The transverse electromagnetic wave has a dispersion relation given by:

ω =
√

ω2
pe + c2k2. (6.32)

This asymptotes for small k to ω = ωpe, and for large k to ω = ck. This mode is linearly polarized
and has the following form:

ρe(x, t) = men0, (6.33)

ue(x, t) =
ω

k
δ

(
0,sin

(
kx1−ωt

)
,0
)
, (6.34)

E(x, t) =
en0

ε0k
δ

1−η2

(
0,cos(kx1−ωt),0

)
, (6.35)

B(x, t) =
en0

ε0ω

δ

1−η2

(
0,0,cos

(
kx1−ωt

))
, (6.36)

where the index of refraction is η = ck/ω .

The dispersion relation for these two waves is shown in Figure 6-1.

52



Figure 6-1. Dispersion plot for collisionless LEP (blue) and TEM (green) un-
magnetized cold plasma waves, with n0 = 1016 m−3.

53



6.2. Cold Magnetized Electron Plasma Waves

The magnetized plasma waves considered here differ from the previous section due to the
presence of an external magnetic field B0, which results in a richer set of wave modes. These
cases are useful to test the interaction between magnetic fields and charged particle currents,
which was not represented in the unmagnetized wave solutions. For tractability, we only consider
the collisionless (νen = 0) case. In addition to the plasma frequency, the electron cyclotron
frequency ωce = eB0/me now appears.

Fundamentally different classes of waves propagate in directions along and normal to B0; we
consider each class separately by considering B0 = (B0,0,0) and B0 = (0,B0,0) cases while
maintaining a common wave propagation direction k = (k,0,0). The modes that propagate along
the magnetic field are the LEP wave, right-hand circularly polarized (RCP), and left-hand
circularly polarized (LCP) waves, for which the dispersion relations are shown in Figure 6-2. The
modes that propagate normal to the magnetic field are the ordinary (O) and extraordinary (X)
waves, for which the dispersion relations are shown in Figure 6-3.

Figure 6-2. Dispersion plot for magnetized cold plasma waves along the mag-
netic field, with n0 = 1012 m−3 and B0 = 10−4 T.

The LEP wave appears in the magnetized case completely decoupled from the magnetic field.
Thus the dispersion relation is again

ω = ωpe, (6.37)
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Figure 6-3. Dispersion plot for magnetized cold plasma waves normal to the
magnetic field, with n0 = 1012 m−3 and B0 = 10−4 T.

and the wave mode solution is

ρe(x, t) = men0[1+δ sin(kx1−ωt)], (6.38)

ue(x, t) =
ω

k
δ

(
sin(kx1−ωt),0,0

)
, (6.39)

E(x, t) =
en0

ε0k
δ

(
cos(kx1−ωt),0,0

)
, (6.40)

B(x, t) =
(

B0,0,0
)
. (6.41)

For a magnetic field aligned with the wave vector, the RCP wave has an implicitly-defined
dispersion relation given by

c2k2 = ω
2−

ω2
peω

ω−Ωce
. (6.42)

This equation has two solutions for ω(k), resulting in two distinct branches. The lower branch
propagates for ω ≤ ωce, where the asymptotes for small and large k are ω = ωcec2k2/ωpe and

ω = ωce, respectively. The upper branch propagates for ω ≥ ω02 =
√

ω2
pe +

1
4ω2

ce +
1
2ωce, where

the asymptotes for small and large k are ω = ω02 and ω = ck, respectively. The wave mode
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solution is

ρe(x, t) = men0, (6.43)

ue(x, t) =
ω

k
δ√
2

(
0,sin(kx1−ωt),cos(kx1−ωt)

)
, (6.44)

E(x, t) =
en0√
2ε0k

δ

1−η2

(
0,cos(kx1−ωt),−sin(kx1−ωt),0

)
, (6.45)

B(x, t) =
(

B0,0,0
)
+

en0√
2ε0ω

δ

1−η2

(
0,sin(kx1−ωt),cos(kx1−ωt)

)
. (6.46)

The LCP wave admits only a single solution branch, with the dispersion relation

c2k2 = ω
2−

ω2
peω

ω +Ωce
. (6.47)

This mode propagates for ω ≥ ω01 =
√

ω2
pe +

1
4Ω2

ce− 1
2Ωce. The asymptotes for small and large k

are ω = ω01 and ω = ck, respectively. The wave mode solution is

ρe(x, t) = men0, (6.48)

ue(x, t) =
ω

k
δ√
2

(
0,sin(kx1−ωt),−cos(kx1−ωt)

)
, (6.49)

E(x, t) =
en0√
2ε0k

δ

1−η2

(
0,cos(kx1−ωt),sin(kx1−ωt),0

)
, (6.50)

B(x, t) =
(

B0,0,0
)
+

en0√
2ε0ω

δ

1−η2

(
0,−sin(kx1−ωt),cos(kx1−ωt)

)
. (6.51)

In a transverse external magnetic field, B0 = (0,B0,0), the ordinary (O) wave has a dispersion
relation given by

ω =
√

ω2
pe + c2k2. (6.52)

Asymptotes for small and large k are ω = ωpe and ω = ck, respectively. The wave mode solution
is

ρe(x, t) = men0, (6.53)

ue(x, t) =
ω

k
δ

(
0,sin(kx1−ωRt),0

)
, (6.54)

E(x, t) =
en0

ε0k
δ

1−η2

(
0,cos(kx1−ωRt),0

)
, (6.55)

B(x, t) =
(

0,B0,0
)
+

en0

ε0ω

δ

1−η2

(
0,0,cos

(
kx1−ωRt

))
. (6.56)

The elliptically polarized extraordinary (X) wave has dispersion relation

c2k2 =
(ω2−ω2

01)(ω
2−ω2

02)

ω2−ω2
uh

, (6.57)
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where ωuh =
√

ω2
pe +Ω2

ce is the upper hybrid frequency. This mode has two distinct branches: a
lower branch that propagates for ω01 ≤ ω ≤ ωuh, and an upper branch that propagates for
ω > ω02. The lower branch has asymptotes for small and large k of ω = ω01 and ω = ωuh,
respectively, while the corresponding asymptotes for the upper branch are ω = ω02 and ω = ck.
The wave mode solution is

ρe(x, t) = men0[1+δ
′ sin(kx1−ωt)], (6.58)

ue(x, t) =
ω

k
δ
′
(

sin(kx1−ωRt),0,−(1−η
2)

ω2−ω2
uh

ω2
pe

ω

ωce
cos(kx1−ωt)

)
, (6.59)

E(x, t) =
en0

ε0k
δ
′
(

cos(kx1−ωRt),0,
ω2−ω2

uh
ω2

pe

ω

ωce
sin(kx1−ωt)

)
, (6.60)

B(x, t) = B0

(
0,1,−

ω2−ω2
uh

ω2
ce

δ
′ sin(kx1−ωt)

)
, (6.61)

where the scaled perturbation strength δ ′ is related to δ by

δ

δ ′
=

√√√√1+

[
(1−η2)

ω2−ω2
uh

ω2
pe

ω

ωce

]2

. (6.62)
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6.3. Cold Collisional Electron Plasma Waves

Analytic progress can be made for the simple collisional case of a cold unmagnetized electron
plasma interacting with a stationary neutral fluid, where a single collision frequency νen describes
the interaction. It serves as a damping term for the waves described in section 6.1. A dispersion
plot of the real part of the frequency for varying collisionality is shown in Figure 6-4.

Figure 6-4. Dispersion plot for LEP (blue) and TEM (green) unmagnetized
cold plasma waves with various levels of collisionality and n0 = 1016 m−3.
Here, the numbers for each curve are values of νen/ωpe.

The collisional LEP wave has the complex-valued dispersion relation

ω =
√

ω2
pe− (νen/2)2− iνen/2. (6.63)

Here, we split ω into real and imaginary parts via ω = ωR− iωI , where ωR and ωI are both
positive real numbers. The real part ωR is interpreted as the frequency of oscillation while
ωI ≥ 0 is the damping factor; note that ωI < 0 would imply a growing (or unstable) mode,
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which is not expected for linear plasma wave theory. The corresponding wave mode solution is

ρe(x, t) = men0[1+δe−ωI t sin(kx1−ωRt)], (6.64)

ue(x, t) =
|ω|
k

δe−ωI t
(

sin
(
kx1−ωRt− arctan(ωI /ωR)

)
,0,0

)
, (6.65)

E(x, t) =
en0

ε0k
δe−ωI t

(
cos(kx1−ωRt),0,0

)
, (6.66)

B(x, t) =
(
0,0,0

)
, (6.67)

where |ω|=
√

ω2
R +ω2

I .

In the collisional case, the transverse electromagnetic wave has the implicitly defined complex
dispersion relation

c2k2 = ω
2−

ω2
pe

1+(νen/ω)2 + i
ω2

pe(νen/ω)

1+(νen/ω)2 . (6.68)

This mode is linearly polarized and has the form

ρe(x, t) = men0, (6.69)

ue(x, t) =
|ω|
k

δe−ωI t
(

0,sin
(
kx1−ωRt−φTEM

)
,0
)
, (6.70)

E(x, t) =
en0

ε0k
|ω|

ωTEM
δe−ωI t

(
0,cos(kx1−ωRt),0

)
, (6.71)

B(x, t) =
en0

ε0ωTEM
δe−ωI t

(
0,0,cos

(
kx1−ωRt + arctan(ωI /ωR)

))
, (6.72)

where the the frequency ωTEM and phase shift φTEM are

ωTEM =
1
|ω|2

√
ω2

R (|ω|2− c2k2)
2
+ω2

I (|ω|2 + c2k2)
2
, (6.73)

tan(φTEM) =
ωI

(
|ω|2 + c2k2)

ωR (|ω|2− c2k2)
. (6.74)

(6.75)
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6.4. Warm Electron Plasma Waves

The introduction of temperature to the electron fluid modifies the linear dispersion wave behavior
of the system by changing the asymptotes of longitudinal oscillations in the large-wavenumber
limit. It is convenient to define a set of normalized parameters to describe the relative strength of
thermal and electromagnetic effects. A normalized representation of electron temperature is given
by the ratio of the electron sound speed to the speed of light:

v2
se

c2 =
kBTe

mec2 . (6.76)

A normalized electron density is given by the ratio of the wave frequency to the plasma
frequency:

ω2

ω2
pe

=
meε0ω2

e2ne
. (6.77)

The background magnetization can also be normalized by the electron plasma frequency:

ω2
ce

ω2
pe

=
B2

0
µ0mene

1
c2 =

v2
Ae
c2 , (6.78)

which is effectively a normalization of the electron Alfven velocity,

vAe =
B0√
µ0ρe

, (6.79)

by the speed of light. Finally, the wavenumber can be normalized by the electron skin depth, δe:

δ
2
e k2

x =
c2

ω2
pe

k2
x . (6.80)

The dispersion relations for the warm electron fluid case are plotted in Figures 6-5 and 6-6 for the
cases of the applied magnetic field being parallel to the wave vector and normal, respectively.
These show the thermal effect in asymptotic behavior compared to the cold case shown in Figures
6-2 and 6-3.

For the warm LEP wave, the dispersion relation now depends on the electron temperature:

ω2

ω2
pe

= 1+
v2

se
c2 d2

e k2
x , (6.81)

with the resulting wave mode solution, now including the pressure term:

ρe(x, t) = men0 (1+δ sin(kx−ωt)) , (6.82)

ue(x, t) = δ
ω

k
sin(kx−ωt) x̂, (6.83)

Pe(x, t) = P0 (1+ γδ sin(kx−ωt)) , (6.84)

E(x, t) = δ
en0

ε0k
cos(kx−ωt)ŷ, (6.85)

B(x, t) = 0, (6.86)
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Figure 6-5. Dispersion plot for warm plasma waves parallel to an applied
magnetic field. For RCP and LCP, the ratio of cyclotron frequency to plasma
frequency is a constant ωce/ωpe = 1/4. The leftmost diagonal dashed line rep-
resents the speed of light, while the rightmost one represents the speed of
sound, vse = 0.1c.
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Figure 6-6. Dispersion plot for warm plasma waves normal to an applied mag-
netic field. The left diagonal dashed line represents the speed of light, while
the right one represents the speed of sound, vse = 0.1c.
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where the reference electron pressure is

P0 =
men0c2

γ

v2
se

c2 . (6.87)

Note that the solution remains independent of the magnetic field along the direction of
propagation.

Solutions to the other wave modes can be derived by the same procedure as before.
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6.5. Warm Unmagnetized Electron-Ion Plasma Waves

The warm ion-electron plasma waves introduce two fundamental complexities to the cold electron
waves described to this point. First, the introduction of the much slower ion species results in
significant stiffness in the numerical system. Second, the adiabatic pressure gradient term appears
when a finite temperature is specified for each species. In the unmagnetized case, LEP,
longitudinal ion plasma (LIP), and TEM waves propagate, which are described below. The
dispersion relations for the LEP, LIP, and TEM waves are shown for an ion mass of 100me
(chosen for computational expediency) in Figure 6-7.

Figure 6-7. Dispersion plot for unmagnetized warm electron-ion plasma
waves with 100me ions and n0 = 1016 m−3.

For the LEP wave, the dispersion relation is given by

ω =

√
A+
√

A2−4C
2

, (6.88)

where the constants A and C are

A = ω
2
pe +ω

2
pi +(V 2

se +V 2
si)k

2, (6.89)

C = (ω2
pe +ω

2
pi +V 2

se +V 2
si)k

2 +V 2
seV

2
sik

4. (6.90)
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This asymptotes to ω = ωp =
√

ω2
pe +ω2

pi and ω =Vsek for small and large values of k,
respectively. The LEP wave mode solution is

ρe(x, t) = men0[1+δ
′ sin(kx1−ωt)], (6.91)

ue(x, t) =
ω

k
δ
′
(

sin
(
kx1−ωt),0,0

)
, (6.92)

ρi(x, t) = min0

[
1−

ω2−ω2
pe− k2V 2

se

ω2
pe

δ
′ sin(kx1−ωt)

]
, (6.93)

ui(x, t) =−
ω

k
ω2−ω2

pe− k2V 2
se

ω2
pe

δ
′
(

sin
(
kx1−ωt),0,0

)
, (6.94)

E(x, t) =
en0

ε0k
ω2− k2V 2

se
ω2

pe
δ
′
(

cos(kx1−ωt),0,0
)
, (6.95)

B(x, t) =
(
0,0,0

)
, (6.96)

where the scaled perturbation parameter is given by

δ

δ ′
= max

{
1,

∣∣∣∣∣ω2−ω2
pe− k2V 2

se

ω2
pe

∣∣∣∣∣
}
. (6.97)

For the equivalent ion wave, the LIP, the dispersion relation is

ω =

√
A−
√

A2−4C
2

, (6.98)

with the same constants as for the LEP wave. This asymptotes to ω =Vspk and ω =Vsik, where

Vsp =
√

V 2
si +(me/mi)2V 2

se, for small and large values of k, respectively. The wave mode solution
is

ρe(x, t) = men0

[
1−

ω2−ω2
pi− k2V 2

si

ω2
pi

δ
′ sin(kx1−ωt)

]
, (6.99)

ue(x, t) =−
ω

k

ω2−ω2
pi− k2V 2

si

ω2
pi

δ
′
(

sin
(
kx1−ωt),0,0

)
, (6.100)

ρi(x, t) = min0[1+δ
′ sin(kx1−ωt)], (6.101)

ui(x, t) =
ω

k
δ
′
(

sin
(
kx1−ωt),0,0

)
, (6.102)

E(x, t) =−en0

ε0k
ω2− k2V 2

si

ω2
pi

δ
′
(

cos(kx1−ωt),0,0
)
, (6.103)

B(x, t) =
(
0,0,0

)
, (6.104)

where
δ

δ ′
= max

{
1,

∣∣∣∣∣ω2−ω2
pi− k2V 2

si

ω2
pi

∣∣∣∣∣
}
. (6.105)
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The warm electron-ion TEM wave has dispersion relation

ω =
√

ω2
p + c2k2, (6.106)

where ωp =
√

ω2
pe +ω2

pi. This mode asymptotes to ω = ωp and ω = ck for small and large
values of k, respectively. The wave mode solution is

ρe(x, t) = men0, (6.107)

ue(x, t) =
ω

k
δ
′
(

0,sin
(
kx1−ωt),0

)
, (6.108)

ρi(x, t) = min0, (6.109)

ui(x, t) =−
ω

k
ω2−ω2

pe− k2c2

ω2
pe

δ
′
(

0,sin
(
kx1−ωt),0

)
, (6.110)

E(x, t) =
meω2

ek
δ
′
(

cos(kx1−ωt),0,0
)
, (6.111)

B(x, t) =
meω

e
δ
′(0,0,cos

(
kx1−ωt)

)
, (6.112)

where
δ

δ ′
= max

{
1,

∣∣∣∣∣ω2−ω2
pe− k2c2

ω2
pe

∣∣∣∣∣
}
. (6.113)
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6.6. Warm Magnetized Electron-Ion Plasma Waves

The magnetized versions of the warm electron-ion plasma waves are significantly more complex
than for the cold electron waves. As in the cold magnetized case, different waves propagate
parallel to and normal to an imposed magnetic field. For B0 parallel to the wave vector, LEP, LIP,
RCP, and LCP modes propagate, and these are shown in Figure 6-8. For B0 normal to the wave
vector, LEP, LIP, transverse O, and partially transverse X waves propagate. Note that the LEP and
LIP waves propagating normal in the B0 = (0,B0,0) case are very different from those
propagating along B0, while the O wave is the same as the TEM mode from the warm two-fluid
unmagnetized case.

Figure 6-8. Dispersion plot for magnetized warm electron-ion plasma waves
parallel to an applied magnetic field with 100me ions and n0 = 1012 m−3.

The expressions for the dispersion relations in each of these cases are significantly more complex
and tedious to extract, but can still useful for code verification since there are few other analytic
solutions in this regime.
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7. CONCLUSION

We have summarized in this report numerous details associated with a hierarchy of plasma models
that are appropriate for modeling plasmas from very low to high density and varying levels of
charge separation. The models include the multi-species Boltzmann equation and various moment
models leading to useful fluid plasma approximations. Focusing on five-moment models, we
discussed a three-fluid model, a two-fluid model, and an associated Generalized Ohm’s Law
model including additional possible simplifications. Each of the plasma fluid models describes a
set of transport equations coupled to Maxwell’s equations. These systems are primarily
hyperbolic in nature, with complex dispersion relations associated with multiple propagating
wave types. We demonstrated a linear-wave verification approach for verifying the dispersive
wave characteristics of various forms of the two-fluid equations. A similar approach can be used
to help verify the numerical implementation of any of the equation sets discussed in this report.
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