SANDIA REPORT

SAND2012-4842
Unlimited Release
Printed June 2012

Mean Curl Formulation on
Quadrilaterals

with

Application to Implicit Magnetics
Diffusion Equations in Alegra 2D

John A. Mitchell
Multiphysics Simulation Technologies

Prepared by
Sandia National Laboratories
Albuquerque, New Mexico 87185 and Livermore, California 94550

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation,
a wholly owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s
National Nuclear Security Administration under contract DE-AC04-94AL85000.

Approved for public release; further dissemination unlimited.

@ Sandia National Laboratories




Issued by Sandia National Laboratories, operated for the United States Department of Energy
by Sandia Corporation.

NOTICE: This report was prepared as an account of work sponsored by an agency of the United
States Government. Neither the United States Government, nor any agency thereof, nor any
of their employees, nor any of their contractors, subcontractors, or their employees, make any
warranty, express or implied, or assume any legal liability or responsibility for the accuracy,
completeness, or usefulness of any information, apparatus, product, or process disclosed, or rep-
resent that its use would not infringe privately owned rights. Reference herein to any specific
commercial product, process, or service by trade name, trademark, manufacturer, or otherwise,
does not necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government, any agency thereof, or any of their contractors or subcontractors.
The views and opinions expressed herein do not necessarily state or reflect those of the United
States Government, any agency thereof, or any of their contractors.

Printed in the United States of America. This report has been reproduced directly from the best
available copy.

Available to DOE and DOE contractors from
U.S. Department of Energy

Office of Scientific and Technical Information
P.O. Box 62
Oak Ridge, TN 37831

Telephone: (865) 576-8401
Facsimile: (865) 576-5728
E-Mail: reports@adonis.osti.gov

Online ordering:  http://www.osti.gov/bridge

Available to the public from
U.S. Department of Commerce
National Technical Information Service
5285 Port Royal Rd
Springfield, VA 22161

Telephone: (800) 553-6847
Facsimile: (703) 605-6900
E-Mail: orders@ntis.fedworld.gov

Online ordering: http:/www.ntis.gov/help/ordermethods.asp?loc=7-4-0#online




SAND2012-4842
Unlimited Release
Printed June 2012

Mean Curl Formulation on Quadrilaterals
with
Application to Implicit Magnetics Diffusion Equations
In Alegra 2D

John A. Mitchell
Sandia National Laboratories
1515 Eubank SE
Albuquergque, NM 87185

Abstract

This report proposes a mean curl on quadrilateral elements égra 2D magnetics calculations.
The resulting quadrilateral element is an extension of thek\l, 4] to include the curl operator.
The resulting quadrilateral element implementation idiapple to implicit calculations in Carte-
sian coordinates which use either the vector potentid tormulation. It is useful to note that
in the vector potential formulation, the mean curl produaesean flux density on the element,
whereas in th& formulation the mean curl produces a mean current on thesglerin both cases,
the mean curl is, by construction, divergence free. The neadris further developed and applied
to the nonlinear permeability capability that currentlyséx in Alegra 2D for the vector poten-
tial formulation. Using the proposed mean curl, a Jacoberator is developed and presented
which is applicable to nonlinear iterations associateth e implicit problem. Note that the exist-
ing nonlinear permeability does not include hysteressy,ahe current nonlinear implementation
uses a Jacobian free solution algorithm because a Jacqgieaator has neither been developed or
implemented. A Jacobian for the full quadrature implemgorehat currently exists idlegra 2D
can be similarly derived based upon the results presented.
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1 Introduction and Motivation

This report proposes a mean curl on quadrilateral elementségra 2D magnetics calculations.
The resulting quadrilateral element implementation idiapple to implicit calculations in Carte-
sian coordinates which use either the vector potentidd trmulation. It is useful to note that
in the vector potential formulation, the mean curl produaesean flux density on the element,
whereas in th& formulation the mean curl produces a mean current on thesglerin both cases,
the mean curl is, by construction, divergence free. The neadris further developed and applied
to the nonlinear permeability capability that currentlyséx in Alegra 2D for the vector poten-
tial formulation. Using the proposed mean curl, a Jacoberator is developed and presented
which is applicable to nonlinear iterations associateti #ie implicit problem. Note that the exist-
ing nonlinear permeability does not include hysteressy,ahe current nonlinear implementation
uses a Jacobian free solution algorithm because a Jacqgieaator has neither been developed or
implemented. A Jacobian for the full quadrature implemioethat currently exists idlegra 2D
can be similarly derived based upon the results presented.

The mean curl has two potential advantages over the exiétagga 2D Gauss quadrature imple-
mentation. First, the mean curl allows for closed form eatatn of all quantities required and thus
eliminates Gauss quadrature loops. For example, in thewpotential formulation, the action of
the operator and calculation of the Jacobian matrix for ideviterations, are simple, easily im-
plemented formulas that can be directly evaluated thusliyiglfaster code. The second potential
advantage relates t8legra data structures that store material properties for an elenfegra
stores one value for a particular property on each elemehtlaes not facilitate storing values
associated with each Gauss point on an element. This liontaay conflict with constitutive
models which evaluate properties as a function of field \&brean element. For example, in the
vector potential formulation, nonlinear permeability netglmay need to evaluate the permeability
as a function of the flux density which may vary on an element.uBing the mean curl, data
requirements for calculations are consistent with exgsfitegra data structures. The mean curl
yields a single, constant value for the flux density on an elgrwhich can then be used to evaluate
a single nonlinear permeability value on the element.

An outline for the reportis now given. Section 2 briefly irdtewes the magnetic diffusion equations
that are considered, that is, Ampere’s law, Faraday’s lawn® law and a magnetic constitutive
model. Section 3 quickly develops the weak form for the veptmtential formulation and then
motivates and develops the core mean curl results whichpglecable to both the vector potential
formulation andB formulation. The weak form and application of the mean caoirithe B formu-
lation is presented in Section 4. The mean curl introduces®ps modes that must be stabilized.
Stabilization of the mean curl is presented in Section 5.s€hesults are also applicable to the
nonlinear permeability Jacobian that is presented in Se@i

2 Resistive Magnetic Diffusion Equations

Alegra 2D performs aesistive magnetic diffusion calculation. This calculation is the last phase in
the operator split algorithm associated with the advancérmg a single time step. The physics
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of magnetic diffusion is assumed to satisfy magneto-statitelectro-static approximations and is
mathematically represented by a simplified form of Maxveadiuations. The magnetic diffusion
equations solved iklegra 2D are derived from Ampere’s law and Faraday’s law. Ohm’s law, a
constitutive model relating the magnetic field to the fluxslgnis appended.

Ampere’s Law
OxH=J 1)

H andJ are the magnetic field and current density respectively. tirhe rate of change of dis-
placement currents in Ampere’s law are ignored based upmaléttro-static assumption.

Faraday’s Law

OXxE=—— 2
xE=-22, @

B andE are the flux density and electric field respectively.

Ohm'’s Law
J=0E (3)

Ohm’s law is a constitutive model relating the current dgn the magnetic field through the
material conductivity denoted hy. In this report, the conductivity is taken as a constant.aioin
for the resistivityn = % is also used.

Magnetic Constitutive Model
B=uH 4)

Magnetic permeability is denoted k. In this report,u may depend on the magnitude of the
flux density||B|| in a nonlinear but smooth way. However, hysteresis and yigffects are not
part of the nonlinearities considered here. This assumpmothe constitutive model may not be
physically correct for some materials but was assumed aartaingt point for this project work.
This relation is also assumed to be invertible so that tHeviahg makes sense,

T

wherev(||B||) denotes the material reluctivity.

= v(lIB[)B, (5)

10



3 Alegra 2D: Vector Potential Formulation

In the vector potential formulation [3], the flux density &kén as:
B=0xA, (6)

whereB has two components in the plane spanned by unit vedtans &ndA = Ak is the vector
potential. Note the unit vectdr= i x j. Under this assumption, the divergence of the flux density
is zero, and from Faraday’s law (2),

A A
Dx(g—l-ﬁ)—O :E——E-I-an (7)

whereE is the gradient of a scalar potential. This latter conditogiven because the curl of the
gradient is zero.

Amperes law (1) is written using (6) and the constitutive iqd).

OxA\
o (52)-

The above equation is combined with Ohm'’s law (3) and (7) to@at the governing equation for
the vector potential formulation.

DX(D:A) —_o%8 , oE, (©)

Boundary conditions will be introduced in the next section.

3.1 Weak form

To arrive at the weak form for (9), dot (9) with a vector fulctE, and integrate over the domain

Jelespeam - fe[on (50|

The vector identityd- (ax b) = b- (O xa)—a- (0 x b), witha= ?HXB% andb = E is useful for

deriving the boundary conditions and weak form associatel the integral on the right hand
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side. This is given as

Je- [0~ () |ow = /o[ Gagen) )o@

+ [ ey @8 (080

1 )
- LE-l-/m(DXA)-(DXE)dQ (11)

wherelg, after applying the divergence theorem, gives the boundanglitions. Combining the
last equation in (11) with (10) gives an electromagnetiag@nequation for the domain. This is
also the weak form for this formulation.

Weak form:
~ 0 ~
/ [E d—A—E EO} dQ - /@(DXA)(DXENQ—FLE (12)

The left hand side represents the rate of work done by elacigoetic fields due to motion of
charge. The integral on the right hand side is the rate ofggnstored in the magnetic field and
Le is apparently the rate of energy flow out of the dom@ithrough its boundaryQ. Boundary
conditions are given by applying the divergence theoretrgtédefined in (11)).

Le= O K STED ) XE} da= [ n K D<||XB/|T>) XE] 400. (13)

wheredQ denotes the boundary of the domain and Ayl + nyfdenotes the normal to the bound-
ary. The second form of the above is used to define DirichldtN@uman boundary conditions
by identifying the magnetic fielth = %, and using permutation properties of the scalar triple
product. -

Dirichlet BC:  The weight functiorE is a surrogate for the electric field. The following equation
is a natural permutation of (13) and is a form convenientfi specification, where the temmx'H
is in thek direction, that is, normal to the computational plane.

Lg = / E-[AxH]dIQ, (14)
= Q
Therefore, because of the dot product, the Dirichlet camalis on thez component of the electric

field.

Neuman BC: The tangential component of the magnetic fields specified on the boundary
0Q. This follows directly from (14) and corresponds with thetangent boundary condition
in Alegra 2D. If a non-homogeneous value is not specified, then a zere\faluthe tangential
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magnetic field is weakly enforced on the boundary.

3.2 Mean curl on quadrilateral elements, Cartesian coordiates

Spatial material properties llegra 2D, such as permeability and conductivityo, have a single
value on each element which is assumed to be constant oventine element. Depending upon
the functional form of the permeability = u(||B||), this assumption may or may not be true
becauseB can vary on an element. For example, when evaluating the highd side of (12),
where the weight functiok takes on values associated with linear basis functionspoaents of

B will vary linearly. It follows that the quadrature algonthused to evaluate (12) must evaluate
U1 = u(||BJ|) at each quadrature point. However, data structuré$dagra 2D only support a single
cell quantity foru on the element. This limitation is the main motivation foe ttlevelopment of a
mean curl on the element. The remainder of this section dpse¢he mean curl on a quadrilateral
element.

Evaluation of the integral on the right hand side of (12) issidered. On an element, the key step
and assumption is to use a mean value for the flux density wradnaging this integral. The mean
value for the flux density on an element is denoted and defised a

_ Je(OxA)dQe

:DXA_—fedQe ) (15)

los]

UsingB, a single value for the permeability can be evaluated foetament. Furthermore, since
the flux density is taken as constant, it can be pulled outsidentegral. Below, the reluctivity
v(||BJ|) (see (5)) is used to denote the reciprocal of the permegphititl its dependence on the
mean value of the magnitude of the flux density. The approtachaersion of the integral on the
right hand side of (12) is denoted by

| = v(|B|)B- /e (0% E)dQe. (16)

To proceed further, the finite element discretization isodticed. For mean curl calculations, it is
convenient to represent the quadrilateral basis funcboresreference element, shown in Figure 1,
using the following set of functiong,

1 1 1
quzzi+§f/\1i+§rl/\2i+frlri (17)

where local coordinates on the reference element are débgté andn, i represents the local
node index which takes on valuesiof (0,1,2,3), and component;, Az, Ay andT of the
guadrilateral base vectors are given in Table 1. On an elenmenvector potential functioA = Ak
is interpolated with the above nodal basis functions in thealiway:

A=Ak= (Y Ajg)k= S AE, (18)
J J
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Figure 1. Quadrilateral reference element

whereA without an underline denotes the single unknown componktiteovector potentialA;
denotes nodal values &{ andk denotes the unit vector normal to the computational dor@ain

Table 1. Components of Quadrilateral Base Vectors

Nodei & n SN [N | T
0 -05|-05|1|-1|-1| 1
1 05|-05{1] 1|-1|-1
2 0.5 051 1 1 1
3 -05| 05(1] -1 1)-1

The weight functiorE in (16) is replaced witlE; (see (18)) which defines an element contribution
from local node as

I = v(|[BI)B- /e (0% E;)dQe. (19)

The approach proposed here is equivalent to evaluatioreantagral on the right hand side of (12)
using one-point quadrature. The downside of one-point tack is one spurious (zero-energy)
mode is introduced. There are two vectors in the null spat¢beoélement level operator implied
by (19). The first corresponds with constant values of théorgmotential on an element. This
vector is denoted b¥ and it does not present any problems as the finite elemenbdpation is
expected to capture constant values. Uniqueness with thiens typically resolved via dirichlet
boundary conditions or for transient calculations throeghancement of the definiteness via the
mass matrix. The second vector is the spurious hourglase mMddomponents of incoming nodal
values for the vector potential that are aligned witkdo not contribute to nodal contributions in
(19), i.e., although a non-trivial value for the vector putal and its curl exist on the element,
li = 0 for eachi. Fortunately, stabilization of the hourglass mode is gasicomplished using the
orthogonal properties of the base vectors. Components &od[™ are given in Table 1.
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Before jumping into the details a brief outline of the stggtand goal is given. The principal goal
is to demonstrate thdt in (19) is a linear combination of the base vector componéatsand
N2i. Then stabilization can be accomplished in two differertdmguivalent ways. In the first case,
residual calculations are stabilized by extracting the ponent of the incoming vector potential
that is alond™ and adding a small contribution alofighat is proportional tw(||B||). The second
form of stabilization occurs when forming element matriaeplied by (19). It is shown that
element matrices are a linear combination of tensor pradefdihe base vectors; and/\,. Then
an equivalent stabilization can be implemented by addimgriaution to the stiffness matrix that
is along the tensor product 6fwith itself. These details are now presented. Note thataniy
necessary to work through these details to demonstrate fireperties. Calculations using the
stabilized mean curl are very straightforward and do noessarily require all these results.

To begin, the integral in (19) is written as:
[(OxE)do. = TXECe (20)
e
whereCe denotes the area of element e

/dQe
e

Given the mean curl in (20), the mean value of the flux densityap element can be directly
evaluated:

lus]

= OxA

4
= .%Aj(DXEj). (21)
J:

From the above, entridg; in an element stiffness matrix are given by:

kj = v([BI) [(OxE) - (O Ep] ce. (22)

As denoted, the above relation may be nonlinear if the rigiilgtlepends upofB||. This nonlin-
earity has no effect on the mean curl evaluation.

The focus is now on evaluation 6f x E;. To begin, Green’s theorem is applied to (20):

[(OxE)d0e=— § a(&.m) [ue(&.n)dg +uy (& myan] (23)
where
OX~ 0y X~ 0Y -
Us(&,n) = 5?”*‘&5” and u,(§,n) = 5$-+-5%¢ (24)

The integral on the right hand side is a path integral ovebthedary of the reference element (see
Figure 1). On the edges of a linear quadrilateral elemettegaofus andu, are either constant
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and non-zero or zero. This simplifies the integral subsalinti

=

/e(DXEi)dQe:— (Ug +up —Us —Up) S+ (U +Up)Asi+ (—Ug —Ug)A2 |, (25)

Z (. J/

-~

0

where the quantity with the under brace is zero, and the meggog%, gg, u3 denote values for
Ugs andu, on edges, with superscripts denoting the edge, as indicatéidure 1. Therefore the
curl on an element using one point quadrature is

/e(D x Ej)dQe = —%1 (up +Up )Agi + (—Ug —u%)/\zi} : (26)

Using this result, a slightly different view of the elemetitfsess matrix (22) is written down. An
operatorK €, representing the element stiffness matrix is given by

e V(IBI)Ce
K"= 16

where the scalarg;] are given as:

[aT1 (AL @ A1) + a5o(A2 @ N2) — aTa(A1 @ N2) — afx(A2 @ Ap)] (27)

afy = (Up+Uud)- (uh+ud),
(g +u3) - (U@ +ug),
az, = (UY+uf)- (U3 +uf). (28)

e
ars

For clarity, the tensor products above produce linear dpesdhat act on vectors to produce an-
other vector. Suppose = A1 and consider the action 6f\; ® A») onw.

(M@N)w = (A1®N2)N\1
= N(A2-N\q)
= M(0)
0 (29)

Using the orthogonality properties of the base vectors bi€l4a, it is easy to see that bathandl
are in the null space &€, i.e., K€ = KT = 0, where 0Ois the zero vector.

3.3 Mean curl formulae

In this section, all the expressions required to implemieathean curl in a computer program are
given. A sample implementation of the element stiffnessimand its stabilization (described in
Section 5) is given in the appendix.
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The aredC. of a quadrilateral with nodal coordinatés, y;), for j € (0,1,2,3) is

Ce= [dQe = F((a=x)(0—Y2)+ (0 =%2) (2 -Ya)). (30)
Components of the mean curl Bf (see (18)) are given by

(X3 —X1), (Y3—Y1)
[ExEyde. = TxEG—5q (078 oo 2; | (31)
( )

2] (X1—X3), (Y1—V3

(X2 —X0), (Y2—Yo

Given nodal value#\; for the vector potential, components of the mean flux on amefe (see
(21)) are

los]

_ 1 [ (A1—Ag)(X0—X2) — (Ao —Az) (X1 — X3)
= DX’—*:’zce{ml—Asxyo y2) — (Ao~ A2><y1—y3>} (32)

The element contribution to nodecan be evaluated directly from (19) using the above formu-
lae.

| = v<||B||>B-/e<ngi>dQe

For practical reasons, it makes sense to compute compasfehtscurl ofg; using (31), as well as
the mean flux (32), and then perform a dot product between tb@wmpute components

There are a variety of ways to compute entries in the elentdimess matrix (22). One approach
is to form the tensor product using (31). Whatever the mettiedunique entries of the symmetric
element stiffness matrix are given as

_ kit kiz kiz kig
V(IIB]) | kiz koo koz koa (33)
4Ce | kiz koz ksz kag |’
Kig koa kaa Kag

K¢ —=

17



where the unique componeriks are given by

kin = (X1 —X3)?+ (y1—Y3)?
Kio = (Xo—X2)(X3—X1)+ (Yo—Y2)(Ya— Y1)

ki = —(Xl —X3)? = (y1—Y3)?

kig = (X0—X2)(X1—X3) + (Yo—Y2)(Y1—¥3)
ka2 = (Xo—X2)°+ (Yo—Y2)?

ks = (Xo0-— Xz)(Xl —X3) + (Yo—¥2) (Y1 — X3)
koa = —(X0—%2)%— (Yo—Y2)?

ks = (X1—X3)?+ (Y1—X3)?
ksa = (X2 —X0)(X1—X3)+ (Y2 —Yo) (Y1 — X3)
kea = (Xo—X%2)?+ (Yo—Y2)% (34)

4 Alegra 2D: B Formulation

4.1 Weak form

In the Alegra 2D B-formulation [3], the flux density has only one componentathis normal

to the computational domaif2. As a vector field, the flux density is denotedBs- Bk, where

the componenB is the primary unknown in the problem. One limitation of Bdormulation in
Aleggra 2D is that the material permeability must be taken as constant; therefore it is not possible
to model problems that require nonlinear permeability \thigB-formulation.

To arrive at the weak form, dot Faraday’s law (2) with a veétmctionH, and integrate over the
domainQ; use the vector identitid - (O x E) = 0- (E x H) +E- (O x H). Then, Ampere’s law
(1) combined with Ohm’s law (3) and the magnetic constieitivodel (5), is used on the second
term in the vector identity. Note that singeis taken as constanf] x H = % D x B. These steps
are given below.

/H —dQ . /ﬂ-(DxE)dQ
Jos

~ Ly+ [ [E-(OxH)]d0

= Lﬁ+/[(maxf)~<ﬂxﬂ> do

wherelLy, after applying the divergence theorem, gives boundarylitions. These expressions
are the weak form for thB-formulation.
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Weak form:
/H 4o = /[DXB xﬂ)}dQJrL,:l (35)

Boundary conditions in thB-formulation are given by applying the divergence theoreﬂrEI and
are conceptually similar to those of the vector potentiahfialation.

Ly = /D (ExH)dQ = /mﬁ-(gxﬂ)dag, (36)

wheredQ denotes the boundary of the domain and ri.i + nyfdenotes the boundary normal. The
boundary integral on the right is used to define Dirichlet Biediman conditions using properties
of the scalar triple product to permute terms.

Dirichlet BC:  The weight functiorH is a surrogate for the magnetic field.is specified o Q
and is normal to the2 domainQ. The following equation is a natural permutation of (36) @&d
a form convenient for this specification, where the termE is in thek direction, that is, normal
to the computational plane.

Le = / H.[AxE]doQ, 37)
= 0Q

Therefore, because of the dot product, the Dirichlet caoralis on thezcomponent of the magnetic
field.

Neuman BC: The tangential component of the magnetic fiElds specified on the boundary
0Q. This follows directly from (37) and corresponds with tBe¢angent boundary condition in
Alegra 2D. If a non-homogeneous value is not specified, then a zere vatuhe tangential electric
field is weakly enforced.

4.2 Mean curl on quadrilateral elements, Cartesian coordiates

From the mean curl point of view, this section is nearly id=aitto Section 3.2. There, the mean
curl was used to calculate the mean flux density on an elenhenhis section, the mean curl is
used to calculate the mean current on an element.

Evaluation of the integral on the right hand side of (35) issidered. On an element, the key step
and assumption is to use the mean value of the current whéued¢iva this integral.

19



The mean current is defined by:

fe (D;E) dQe

J=
- JodQe

(38)
Given the mean curredt the approximated version of the integral on the right hdadd ef (35)
is denoted by V:

V=n3- [(0xH)dQe, (39)

wheren denotes material resistivity (see (3)). For simplicitypeiedence of) on the mean current
was not denoted here although that could be included. Heree8istivity (reciprocal of the con-
ductivity) is assumed to be constant. This is not an impedipperhaps the conductivity depends
upon the current through temperature in which case the malae vf the current can be used to
calculate the resistivity.

To proceed further, the finite element discretization isodticed, where the previously defined
basis functions (17) on a quadrilateral are used. On an eleitine flux densityB is interpolated
with the basis functions in the usual way:

B=Bk= (> Bjp)k= S BjH, (40)
J J

whereB without an underline denotes the single unknown componktiteoflux density,B; de-
notes nodal values @&, andk denotes the unit vector normal to the computational dorfaifihe
weight functionH in (35) is replaced wittH; (see (40)) which defines an element contribution
from local node as

Vi=n3- [(0xH)de (41)

At this stage, nearly all the results and analysis from tletordormulation can be applied. Those
results are given in the following section.

4.3 Mean curl formulae

In this section, formulas relating to the mean curl for By®rmulation are given. Only those that

are unique and or distinct from the vector potential forrtiataare included, otherwise a reference
to the equation number is given. A sample computer impleatiemt of the element stiffness

matrix and its stabilization (described in Section 5) isegivn the appendix.

The cell area of a quadrilater@l, and the mean curl of shape functidis< H; are given in (30)
and (31) respectively, witk; replaced witfH; in the latter.

The mean currertis analogous to the mean flux density. Using the definitiop £88 the previous
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result (32), this is written as

- OxB 1 [ (By1—Bs)(%—X2) — (Bo—B2)(x1— Xa)
: { (B1—B3)(Yo—Y2) — (Bo—B2)(y1—Y3) } (42)

_
- H 2Ceu

For practical reasons, it makes sense to compute compaiethes curl ofH; using (31), as well
as the mean current (42), and then perform a dot product ketthem to compute componeis
in (41).

An element stiffness matrix analogous to (33) is given as

ki1 ki2 kiz Kia

n ki koo koz koa
Ke— , 43
4Ceu | ki3 koz ka3 kag (43)

Kia koa ksa Kag

where the unique componerks are identical to those given in (34).

5 Stabilization

As described in Section 3.2, the mean curl approach integlspurious modes. If these modes are
not stabilized, then the mean curl approach is useless.igttie how-to section for stabilizing the
mean curl quadrature described in this report. Stabibpatian be accomplished in two different
but equivalent ways. Depending upon the context, it may loessary to implement both.

In the first case, action of the mean curl operator is evatbatthout use of the element stiffness
matrix. This operator may correspond with either (19) or) (#t either the vector potential or
B-formulation respectively. In both cases, an incoming eeof nodal quantities associated with
an element, eithefAg, A1, A2, Az) or (Bo, B1, B3, B3) are given. Whichever the case, let the given
components define a vector The basic idea is to compute a new veaipr= (u-I)I" which is

a projection ofu along the hourglass vectdr The output of the operator is augmented/summed
with o ur, wherea is a small number proportional to the appropriate materiaperties.

The second form of stabilization is implemented by stainiizhe element stiffness matrix. This
is accomplished by augmentii, (33) or (43), for either the vector potential formulationtie
B-formulation respectively. In both cases, the elementn&tss matrix is stabilized by adding a
matrixKg =al T .

Recall that the mean curl operator produces the zero vectoarfy incoming fields along the

hourglass vector. Then these methods artificially elingiriae null space of the operator that is
associated witlh. The following vectors will stabilize these operators wiiegy are used in either

linear or nonlinear solution algorithms. Note that the isgpls arbitrary. Material properties are
introduced to make the ficticious stabilization vectordesoa a way that may be meaningful for

the physics.
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Stabilizing the vector potential formulation  The operator (19) defininfy is augmented with
Ir,.

li=li+1r, (44

where

v(BII)

Ir =a
Fi 2Ce

(Ao—A1+Az —Ag)li,

a > 0is a small, user specified stabilizing constant, Bnid a component of the hourglass mode
defined in Table 1. The stiffness matrix (33) associated wighvector potential formulation is
augmented with thi&g.

K& = K®+K¢, (45)

where

Stabilizing the B-formulation ~ The operator (41) defining is augmented witNf,.

Vi=Vi+V, (46)
where
n
Ve = Bo—B1+Bo—B3)l;
r 2Celi( o—B1+B2—B3)li,

a > 0is a small, user specified stabilizing constant, Bnid a component of the hourglass mode
defined in Table 1. The stiffness matrix (43) associated wighvector potential formulation is
augmented with th&g.

KE = K®+KE, (47)
where
1-1 1-1
e N 1 1-11
r=0gen| 1-1 11
1111
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6 Linearization of the Vector Potential Formulation for Non-
linear Permeability

This section is only relevant to the vector potential foration using the mean curl. A similar
result can also be obtained for full quadrature but that ipresented.

For nonlinear implicit calculations, a Jacobian matrix eeded for Newton-Raphson iterations.
Nonlinearities are assumed to be smooth, i.e., the reltctiv= v(||B||), see (5), is assumed to
be differentiable with respect to the magnitude of the mégtiield ||B||. Hysteresis and history

effects are not part of the nonlinearities considered Hétkeese assumptions on the reluctivity are
met, then the exact form and dependencg @i the flux density is not critical, that is, it should
be possible to derive the required derivative for other farm

The element Jacobian matrix is calculated by differemtga{il9) with respect to nodal quantities
Ay. Denote the Jacobian &, = Il Using the chain rule,

9 A
v JIBI g B |
K= GiE] o5 A B 0N dQetVIBI 5 - [ (0> N)de
Note that - )
2||B Bj I X B
= =5 - (OxN,), wherens=—.
08, on e (1R e g

Then the Jacobian is written as
ik = v fig - (DX N B - [ (0% M) dQe+v(([BI) DX R - [ (0% N)d.
- e e
where

_0v
2|B|

VT

The Jacobian represents a chande(see (19)) at each nodal point that arises due to small ckange
in the vector potential. To evaluate the above on an elemealal quantitiegAg, A1, Ao, Az) are
expected to be known. With these values, the mean flux dejfBjtycan be evaluated from the
mean curl of the vector potential on the element thus allgwewaluation of the reluctivity (||B|).
Similarly, it must then be possible to evaluate the slopéefreluctivity curvevt at the computed
mean value of the flux densit}B|| on the element.

The above Jacobian includes two terms. The first term is aitainge model response and is due
to a change in the reluctivity. The second term on the riglat tirect change due to change in
the vector potential; this term is a direct effect resulfiragn the fact that the mean magnetic field
is changing. Except fovr, which is a material dependent property that must be givéof ¢he
terms required to compute the above Jacobian were giverciin8e. 3.

The above linear operator can be stabilized using the pusljalefined stabilization (45); it has
exactly the same null space as the previously defined elestifimess matrix (22). Note that
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the second term in the Jacobian is identical to (22). Thetgrsh is the tensor product of a two
vectors,u, = fig- (O x Ny ) andy; = B- (0 x N;)Ce. Bothu, andy; are a linear combination of
the components of\; and A, and therefore it follows that the tensor product will be aeéin
combination of them as well.

7 Demonstration Calculations on a Single Element

In this section, an eigen analysis is performed on a typitahent stiffness matrix computed
using the mean curl. The element stiffness matrix is subes#tyustabilized and the eigen analysis
is repeated. With this approach, element stiffness matopgrties described earlier in the report
are easily demonstrated in a practical setting. Resultsepted are typical and representative of
what would be seen in the practical application of this eleime

The element used for demonstration calculations is dapiat&igure 2, where nodal coordinates
(x,y) of each vertex are denoted. The element stiffness matrithéovector potential formulation
or theB-formulation, given by (33) or (43) is computed assuming tha material property (either
1 = 1.0 or v(||B||) = 1.0) on the element. This assumption is only for simplicity asahot a
ﬁmitation or restriction on the relevance of the demortgtracalculations. Several key points are
illustrated.

e Observe that there are 2 zero eigenvalues for the case witahilization.

e Only one eigenvalue is changed after stabilization, itee,digenvalue associated with the
hourglass mode is now positive; the remaining eigenvalteesr@changed.

o After stabilization (see (45) or (47)), the eigenvalue tlembains zero is associated with the
eigen vector representing constant solutions on the elenTdms is a requirement for the
element to properly represent the constant solution.

e Observe that after stabilization, the eigen vectors aatstiwith the original non-zero eigen
values are unchanged from the un-stabilized matrix.

Listed below are results of the eigenvalue analysis withikization (o = 10-%4) and without sta-
bilization (a = 0). Itis illustrative to consider the action of the elemepémtor on the hourglass
vector in both cases. Because the material property on éimeegit is taken as unity, this produces
a vector which is proportional to the stabilization paraenend inversely proportional the element
areaCe. See (33) and (43).
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Eigen value computation on symmetric matrix stored
No stabilization.
matrix:

form.
Lower triangular
4.5679012346e01
2.5925925926e01
—4.5679012346e01
—2.5925925926e01
Eigenvalues:
—5.6255300012¢e16
Eigenvectors:
7.0197435793e01
—8.5041171229e02
7.0197435793e01
—8.5041171229e02

Eigen value computation on symmetric matrix stored
With stabilization.
matrix:

form.
Lower triangular
4.5683456790e01
2.5921481481e01
—4.5674567901e01
—2.5930370370e01
Eigenvalues:
—1.3766994923e16
Eigenvectors:
—5.0000000000e01
—5.0000000000e01
—5.0000000000e01
—5.0000000000e01

(0.0,0.0)

Figure 2. Quadrilateral element; Aregg

alpha=0.0

6.9444444444e01
—2.5925925926e01
—6.9444444444e01

—4.8069663422e17

8.5041171229€02
7.0197435793e01
8.5041171229e02
7.0197435793e01

6.9448888889e01
—2.5930370370e01
—6.9440000000e01

1.7777777778e04
5.0000000000€01
—5.0000000000e01

5.0000000000e01
—5.0000000000e01
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in

4.5679012346<01
2.5925925926.01

5.8084783039e01
5.9511652441e01
—3.8188522147e01
—5.9511652441e01
3.8188522147e01

in

alpha=.0001

4.5683456790.01
2.5921481481e01

5.8084783039e01

5.9511652441e01
—3.8188522147e01
—5.9511652441e01
3.8188522147e01

loweriangular

6.9444444444e01
1.7216213054e+00
—3.8188522147e01
—5.9511652441e01
3.8188522147e01
5.9511652441e01

loweriangular

6.9448888889e01
1.7216213054e+00

—3.8188522147e01
—5.9511652441e01
3.8188522147e01
5.9511652441e01



8 Introduction to Magnetization of Materials

Two basic types of magnetic materials are introduced aniéwed: diamagnetic, and paramag-
netic. These materials do not manifest magnetic hysteeeglsare representative of magnetic
materialsAlegra 2D can currently model. This information is commonly known anailable
from various sources and websites [2, 5, 6]. Hysteresis andénferromagnetic materials are not
discussed.

Magnetic fields arise due to charges in motion and are fundtaity a physical phenomenon in-
duced and understood at the atomic scale through quantuimamies — well beyond the discussion
here. However, for continuum modeling purposes, it is helpd have a basic understanding of
the physics of magnetism. This then becomes helpful in nragahathematical models to specific
materials. At the atomic scale, electrons spinning abouatengan conceptually be thought of
as tiny currents which induce magnetic dipoles. The aggi@yaf these tiny magnetic dipoles
in the bulk material and their response to applied magnetidsiis how magnetic materials are
classified.

Diagmagnetic materials When a material consists of atoms/molecules with no ungaitec-
trons, the net magnetic field in the bulk material is zero. Ewsv, when an external field is applied
to the material, in addition to the Coulomb force of attracttowards the nuclei, a Lorenz force
acts on electrons either speeding them up or slowing thenmd®his change in angular momen-
tum of the electron is in the opposite direction of the agpiieagnetic field; hence there is a small
induced magnetic moment in the bulk in the opposite diraeabiothe applied field [2, 6]. This ac-
counts for why these materials have a relative permealsiigntly less than 1. When the applied
field is removed, the Lorenz force is removed and the mategtalins to its original state with
no net magnetization. Diamagnetic materials are not attdaio an applied field. Note that the
diamagnetic response described here is very small compageterromagnetic response. A con-
stitutive model such as that currentlyAhegra2D may be relevant to diamagnetic materials.

Paramagnetic materials Paramagnetic materials typically have unpaired electngnsh in ag-
gregate at the continuum scale, have magnetic dipoles wnchto cancel each other out because
of random atom/molecule orientations. Thus, in the bulkapegnetic materials have no net mag-
netic field. In contrast with diamagnetic materials, ungdielectrons are free to orient themselves
in response to an applied field. The tiny magnetic dipolegggpce a torque which tends to align
them with the applied field [5]. At a temperature of absoluteoz the extent to which dipoles
align themselves is at a maximum. At room temperature, thkagitation tends to prevent the
material from completely aligning with the applied field. Waver the case may be, the net align-
ment enhances/amplifies the applied field and the matenahgnetized and hence paramagnetic
materials have a relative permeability slightly greatemtli. The paramagnetic response to an
applied field is relatively small compared with a ferromagneesponse. Paramagnetic materials
are attracted to an applied field and do not exhibit hysterashen the applied field is removed,
magnetization due to parallel alignment of dipoles is reaetband the material returns to a state
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of zero magnetization. A constitutive model such as thateruly in Alegra2D may be relevant to
paramagnetic materials.

9 Summary

A quadrilateral element for2 magnetics calculations was presented. This element usgke si
point quadrature and is applicable to linear and nonlineglicit application computer codes
where the curl operator is needed. Because the elementedigsed order quadrature it must be
stabilized. The report presented the stabilization whéckasily incorporated into an implemen-
tation; a sample implementation was provided. Some simpledpresentative calculations on an
element were done illustrating the element null space andhe stabilization perfectly eliminates
the spurious mode while leaving the remaining modes undistl For implicit transient magnetic
calculations, or magnetostatic calculations involvingliteear paramagnetic or diamagnetic ma-
terials, the linearized element stiffness matrix was dgwyetl an presented.
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A Fortran coding example for mean curl on quadrilateral

subroutine meancurl_phi(xy, meancurl)
implicit none
integer ,parameter::npe=4, dimension=2
real«8,intent(in)::xy(dimension ,npe)
real«8,intent(inout):: meancurl (npe,dimension)
realx8,dimension (0:3)::x,y
real«8::area, ainv
x(0:3)=xy(1,1:4)
y(0:3)=xy(2,1:4)
| area of quad
area=0.5x ( (x(3)=x(1))*(y(0)—y(2))+(x(0)—x(2))*(y(1)—-y(3)) )
a_inv = 1.0/area
meancurl(1,1)=0.
meancurl(1,2)=0.
meancurl(2,1)=0. a_inv
meancurl(2,2)=0. a_inv

5% a.inv
5 %
5 %
5 %
meancurl (3,1)=0.5 % a_inv
5 x
5 %
5 %
1T U

a.inv

(x(3)—x(1))
(y(3)-y (1))
(x(0)—x(2))
(y(0)-y(2))
(x(1)—x(3))
(y(1)-y(3))
(x(2)—x(0))
(y(2)-y(0))

meancurl (3,2)=0. a_inv
meancurl(4,1)=0. a_inv
meancurl(4,2)=0. a_inv
end subroutine meamurl_phi

KX K K K K X K

subroutine elementtiffness (xy,eK,mat, alpha)

Input:

xy: element coordinates

mat: scalar coefficient associated with material

alpha: scalar hourglass constant used for stabilization

I
|

I

!

! Output:

! x+ Element stiffness ’'eK’ is computed
! x 1) symmetric 4x4 matrix

! x 2) stored in lower triangular form
! x+ 3) Note storage

! K11

! K21 K22

! K31 K32 K33

|

K4l K42 K43 K44
implicit none
integer ,parameter::npe=4, dimension=2, length=10
realx8,intent(in)::xy(dimension ,npe)
realx8,intent(in):: mat,alpha
real«8,intent(inout)::eK(length)
I mc is meancurl
real«8,dimension (npe,dimension):: mc
real«8,dimension (0:3)::x,y
real«8,parameter ,dimension (0:3)::hg=(/1.61.0,1.0,-1.0/)
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real«8::area,g
Xx(0:3)=xy(1,1:4)
y(0:3)=xy(2,1:4)

I area of quad
area=0.5% ( (x(3)=x(1))*(y(0)—y(2))+(x(0)—x(2))*(y(1)-y(3)) )

! mean curl of shape functions
call meancurl_phi(xy,mc)

I form element stiffness by tensor product

I column 1
eK(1l) = mat* area * ( mc(1,1) » mc(1l,1) + mc(1l,2)x mc(1,2) )
eK(2) = mat x area x ( mc(2,1) * mc(1,1) + mc(2,2)* mc(1,2) )
eK(3) = mat* area* ( mc(3,1) * mc(1,1) + mc(3,2)x mc(1,2) )
eK(4) = mat x area x ( mc(4,1) * mc(1,1) + mc(4,2)* mc(1,2) )
I column 2
eK(5) = mat* area* ( mc(2,1) * mc(2,1) + mc(2,2)x mc(2,2) )
eK(6) = mat* area *x ( mc(3,1) » mc(2,1) + mc(3,2)* mc(2,2) )
eK(7) = mat* area* ( mc(4,1) » mc(2,1) + mc(4,2)x mc(2,2) )
I column 3
eK(8) = mat* area x ( mc(3,1) * mc(3,1) + mc(3,2)* mc(3,2) )
eK(9) = mat* area x ( mc(4,1) » mc(3,1) + mc(4,2)x mc(3,2) )
I column 4

eK(10) = mat* area x ( mc(4,1) * mc(4,1) + mc(4,2)x mc(4,2) )

I add hourglass stabilization
g = alphax(mat/4.0/area)

eK(1) = eK(1l) + g= hg(0)xhg(0)
eK(2) = eK(2) + g=x* hg(l)xhg(0)
eK(3) = eK(3) + g=x hg(2)xhg(0)
eK(4) = eK(4) + g=x* hg(3)xhg(0)
eK(5) = eK(5) + g=x* hg(l)xhg(l)
eK(6) = eK(6) + g=x hg(2)xhg(1)
eK(7) = eK(7) + g=x* hg(3)xhg(l)
eK(8) = eK(8) + g=x hg(2)xhg(2)
eK(9) = eK(9) + g=x* hg(3)xhg(2)
eK(10) = eK(10) + g=* hg(3)xhg(3)

end subroutine elemenstiffness
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