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solid dynamics: “Newton’s cradle”

Newton’s cradle 1D cohesionless, compound impact:

T Vrecoil = Vimp

Animation by Dominique Toussaint (www.edumedia-share.com, GNU) n

In this study we consider in one dimension
the impact of a solid projectile on a
compound, cohesionless solid target.

An attractive problem for verification:
* Impact and release play important roles. =0 |
» Analytic solution is easily obtained...

Analytic solution: v3 3 = v, o = Vi,

[@ o ...if dissipation is absent.
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using a graphical analysis

The analytic solution for the case of symmetric, dissipationless impact can be
obtained by a simple graphical analysis. (Full mathematical analysis is discussed in
the extra slides.)

Material pressure

'
p

P = pPCUimp

Sandia Particle velocity
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A multimaterial shock/release verification
problem for ALEGRA was created

The cohesionless impact problem has been set up for ALEGRA using copper with a
modified Mie-Grineisen EOS and a linear-elastic strength model.

i=1 Vi i=2 i=3
—>
© 20<N<1280 ) r=dem .
Material | p, = 8930 kg/m? Dissipationless | I'; =0
setup | ¢, = 3940 m/s contraints | s = 1012
Cy = 393.1 J/kg/K Q=0
E = pyCy? vHG =0

ALEGRA: a multiphysics, multimaterial, ALE finite-element code maintained at
Sandia National Laboratories since the 1990’s.

See also:
 T. Voth, Wednesday morning — XFEM
Son « W. Rider, Tuesday afternoon — Limiting for artificial viscosity
ndia

@ National » A. Robinson, Friday afternoon — Uncertain EOS models
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the correct behavior

The cohesionless impact problem has been set up for ALEGRA using copper with a

modified Mie-Grineisen EOS and a linear-elastic strength model.
o = 8930 kg/m3

S Co = 3940 m/s
i =1 Vimp = 10 m/s i=2 i=3 Cy = 393.1 J/kg/K
> F0=0
s=10"12
< > < >< > = yHG =0
20 < N < 1280 r=4 cm Q=v

For v, = 10 m/s, ALEGRA with Lagrangian mesh shows the expected behavior:

Momentum history: Lagrangian Recoil velocity
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fails to capture plate separation

However, in the Eulerian frame, conventional FEM has no native capacity for
(1) Void closure during impact, or
(2) Void opening during recoil

imp

v

A
v
A
A

v
v

20N <1280 r=4cm

For v,,,, = 10 m/s, it therefore fails to recover the analytic recoil velocity:

Momentum history: standard Eulerian Recoil velocity
8 T T T 12 " T r —_——— x
S L N = 1280 | Eulerian UFEM —+—
@
10 | :
E 6r Impact velocity: 10 m/s
é 51 8 | Material: modified copper -
3 47 qQ
& sl = 67
5 . s _
- 4 |
E \_ Y+
s 17T 5 |
l D -
-1 - - - 0 s .
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Standard Eulerian FEM
fails to capture plate separation

However, in the Eulerian frame, conventional FEM has no native capacity for
(1) Void closure during impact, or
(2) Void opening during recoil

imp

\4

A
v
A
v
A
v

20=N <1280 r=4.cm

For v, = 10 m/s, it therefore fails to recover the analytic recoil velocity:

Recoil velocity fractional error: v = 10 m/s « Lagrangian: standard unenriched
1¢ ———m —— — ALEGRA, no remap.
_ E B . o ?
Fractional error: P O B @ E - « Eulerian: standard unenriched
€= (Vrecoil - Vimp ) / Vimp 01 _ EHI“"H.% ] _ ALEGRA with remap.
0.01 * ¥ H"“m%x ’ |  Eulerian+: activate internal ad hoc
TR * T interface physi dificati
_ * — 3 physics modifications.
Lagrangian  + £ T ]
i Eulerian T ' : : .
0.001 £ Eulerians o ] « CTH Eulerian+: run identical
CTH EU'?(FPEIH : ; simulation in CTH with ad hoc
i First order " interface physics modifications (Marlin
0.0001 : : Kiop).
10 100 1000 Pp)
Sandia Elements per plate _ _ o _ )
National Eulerian+: Eulerian with “intermaterial fracture
Laboratories (imposed interfacial material damage)
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implemente

XFEM can be used for capturing intra-element interface physics in Eulerian solid
mechanics simulations, by element decomposition with the Heaviside function.

J=1 4
“‘enriched”
ALEGRA elements
developers:
T. Voth, — _|_
J. Mosso, J = node index
D. Hensinger, m = material index

C. Luchini 2 3 > >

W' (x)= bW () + X, ¥ ulN, (x)H, (x)

u" (x)=ul(x)+up(x)

u" (x)= 2, uyN, (x)H,,(x)

See Voth, et al., “An implementation of the X-FEM for
Eulerian solid-mechanics.” (Wednesday morning)

Sandia
National
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With XFEM, the material interfaces are no longer subgrid.

With XFEM, gap closure and opening is
captured naturally in the Eulerian frame

 Momentum transfer does not begin before full gap closure during impact.

« Gap opening allows recoil to happen naturally.

Vimp = 10 m/s

[
-

A

\ 4
A

20N <1280

=4 cm

v
A

\ 4

For v, = 10 m/s, the expected plate recoil is seen in Eulerian frame only with XFEM:
Standard Eulerian FEM

m)

Mean x-velocity (m/s)
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Eulerian XFEM captures plate separation at
high and low impact velocity

With XFEM, the material interfaces are no longer subgrid.
 Momentum transfer does not begin before full gap closure during impact.

« Gap opening allows recoil to happen naturally.

m)

10

Mean x-velocity (m/s)

Sandia
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Vimp = 1000 m/s
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A

\ 4

20N <1280

=4 cm

For v, = 10 m/s and 1000 m/s, XFEM captures the expected behavior:

Mean x-velocity (m/s)
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is only observed wi

Error convergence under spatial refinement shows XFEM provides accuracy near that
of the Lagrangian formulation. The standard Eulerian formulation fails to converge.

Recoil velocity fractional error: v =10 m/s

Recoil velocity fractional error: v = 1000 m/s

0.1
s 0.1
0.01 |
s 0.01 *
0.001 Lagrangian Lagrangian +
g Eulerian = Eulerian =
XFEM = XFEM  *
| First order First order
0.0001 ' 0.001 e
10 100 1000 10 100 1000
Elements per plate Elements per plate
L | Vi =10mis | v, =1000 mis
CO”Vfartgee”"e Lagrangian 0.688 0.518
Eulerian -0.079 0.007
Sandia XFEM 0.718 0.509
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uierian give mixea resuits

Error convergence under spatial refinement shows XFEM provides accuracy near that
of the Lagrangian formulation. The standard Eulerian formulation fails to converge.

Recoil velocity fractional error: v = 10 m/s Recoil velocity fractional error: v = 1000 m/s
15 .It ' illlllll .' '.'-'."'I. T ; 15 | | T W T = T
i & : .

0.1 |
: 0.1}

0.01 |

- Lagrangian  + 001 ¢ Lagrangian + E
0.001 ¢ Eulerian = i Eulerian =
i Eulerian+ © Eulerian+ o
CTH Eulerian+  » XFEM =
' First order | First ord
0.0001 — B— ' 0.001 Lo = — !
10 100 1000 10 100 1000
Elements per plate Elements per plate
YW | v.,=10ms | v,,=1000mis
convergence  Lagrangian 0.688 0.518 Euleriant:
rate Eulerian with
Eulerian+ -0.070 0.588 “‘intermaterial fracture”
(imposed interfacial
Sandia XFEM 0.718 0.509 material damage)
National - —
@ Laboratories CTH Eulerian+ 0.807
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Material response can introduce dissipation,

leading to analysis complications

At high impact velocity, the analysis shown here is ambiguous:
» Pressure-density response is not linear.

« The response is not irreversible, even with s=0and I" = 0.
« Artificial viscosity cannot be neglected.

m)

v="10m's v = 1000 m/s
1.6e+08 T T I T T T 2.5e+10 T T I T
1.4e+08 &
‘ 2e+10 - =
1.2e+08 b _,*EFP
1e+08 i 1.5e+10 | =
g Be+07 . 1e+10 L |
5 6es07 .
®  4e+07 y i Se+09 - 4
o p F
e /’ $=1489,T=199 —» | or 1.99 7
0 5=I'=10 . =1.0
/ §S=I=05 % 5e+09 | =05 e o
2e+07 | e s=I=01 = - =01 -8
& s=1e12,T=0 =0
-4e+07 L L : L L L -1e+10 L
8926 8928 8930 8932 8934 8936 8938 8940 8400 8800 5200 9600 10000 10400
Density (kg/m”°) Density (kg/m”)
Further, more generality is needed: will convergence behavior
Son hold when dissipationless, symmetric assumptions are
Natioral abandoned? Alternate analysis for reference solution is needed.
Laboratories
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Solutions can also be obtained using the
method of characteristics

A more general approach yields solutions to problems in Eulerian one-dimensional
solid dynamics by formulating the Euler equations as characteristic equations and
applying a method-of-characteristics (MOC) approach.

— MOC solution is second-order in the strain increment.
— Sandia’s MOC code, SWAP-9 (Shock Wave Analysis Program®) computes
solutions in one dimension for arbitrary EOS and constitutive models.

W~ . ” SWAPSS 1 X - T PLOT SWAP9S 1 X - T PLOT “ y
Enssuaahor"ess 1l —— 77777 77T T 17 R R L c e o L B e e o e A S p Real
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E= po CO2 8 | = 8 F 4 E= po CO2
I =104 | _ 1 = | | ro=1.99
s=0.5 >§ s =1.489
v=0.0 & ] 6 r E . v=0.355

s | - s | 1 | Y=89.7 MPa

4r 1 4t >§ g

3 F - 3+ <::::::: i
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Presenter
Presentation Notes
A method-of-characteristics approach yields solutions to problems in Eulerian one-dimensional flow by formulating the Euler equations as characteristic equations, which define families of forward and backward characteristic curves. The slope of the characteristic curves are equal to the shock impedance rho*c, which is given by rho*c = sqrt(rho_0 d sigma / d epsilon), and can be derived from a predefined constitutive model for the material.

The stress and particle velocity are easily obtained for all points on characteristic curve by integrating the characteristic equations along these curves, if the flow is isentropic.  For shocks, a central difference formulation can be used to obtain a solution with error that diminishes as the square of the strain increment.  The pattern of characteristic curves resulting from the some event can be traced forward in time using this solution to find subsequent points of intersection.  The equations are solved to yield the new set of waves generated at each intersection point, and the solution is built up in time by tracing the propagation and intersection of these sets of waves, and the states between them.


MOC solution allows the problem to be
extended to multiple materials with real EOS

SWAP-9* allows reference solutions to be computed for material representations
that include a Mie-Grineisen EOS and an elastic-perfectly-plastic yield model.

SWAP39S 1
T

Copper plate impact on cohesionless
copper + aluminum target

Plate thickness: t = 0.5 cm

] Copper Aluminum

1 2o = 8930 kg/m3 P = 2707 kg/m3

| Co = 3940 m/s Co = 5250 m/s
E = pycy? E = pycy?

8 I[,=1.99 [,=1.97
s=1.489 s=1.370

i v=0.355 v=0.334

| Y =89.7 MPa Y = 265.0 MPa

Vimp = 10 m/s — v, = 14.004 m/s
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Vimp = 100 m/s — v, = 127.22 m/s
Vimp = 1000 m/s — v, = 1357.0 m/s

* Barker and Young, Sandia technical report SLA-74-0009,
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XFEM captures asymmetric recoil in two-
material cohesionless impact

The cohesionless impact problem with copper projectile plate and copper + aluminum
target is set up in ALEGRA using Lagrangian, Eulerian, and XFEM configurations.

V.. = 100 m/s

imp

.
>

A

v

A

v

20=N <1280

A

7=0.5¢cm

v

For v;,,, = 100 m/s, XFEM recovers correct behavior; standard FEM requires damage.

Momentum history: standard Eulerian
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N = 1280
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Plate bulk velocity (m/s)
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Plate 3 ——
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Momentum history: XFEM
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XFEM captures asymmetric recoil in two-
material cohesionless impact

The cohesionless impact problem with copper projectile plate and copper + aluminum
target is set up in ALEGRA using Lagrangian, Eulerian, and XFEM configurations.

V.. = 100 m/s

imp

.
>

A

20=N <1280

v
A

7=0.5¢cm

v
A

v

For v;,,, = 100 m/s, XFEM recovers correct behavior; standard FEM requires damage.

m)

Plate bulk velocity (m/s)

Momentum history: Eulerian-modified
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Standard FEM with modifications also
captures asymmetric recoil

The cohesionless impact problem with copper projectile plate and copper + aluminum
target is set up in ALEGRA using Lagrangian, Eulerian, and XFEM configurations.

V.. = 100 m/s

imp

.
>

A
v
A

v
A
v

20=N <1280

7=0.5¢cm

For v;,,, = 100 m/s, XFEM recovers correct behavior; standard FEM requires damage.

m)
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Verification analysis proves that XFEM
converges to the MOC solution

The cohesionless impact problem with copper projectile plate and copper + aluminum
target is set up in ALEGRA using Lagrangian, Eulerian, and XFEM configurations.

V.. = 100 m/s

imp

.
>

A
v

A

v
A
v

20N <1280 7=0.5¢cm

For v;,,, = 100 m/s, XFEM recovers correct behavior; standard FEM requires damage.

Cu-Cu-Al recoil velocity fractional error: v = 100 m/s
« Lagrangian: standard unenriched
<) Tr _ ALEGRA, no remap.
Fractional error: @ N Lagrangian
€= (Vrecoil = Virng ) /v. E 01 | T Eulerian+ * Eulerian: standard unenriched
recor e me 8 TE XFEM ALEGRA with remap.
o ¥ . Y~ 4 First order
Z 0.01 ¢ T~ - Eulerian+: activate internal ad hoc
TBJ = ¥ T~ O interface physics modifications.
L
% 0.001 ¢ * I
o Mean convergence rates
0.0001 , , Lagrangian: 0.89
' 10 100 1000 Euler!an: -0.05
Elements per plate Eulerian+: 0.50
XFEM: 0.85
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~ Summaryandconclusions

* Verification analysis was performed using Lagrangian-frame, Eulerian-frame and
XFEM simulations, for a 1D “Newton’s cradle” (cohesionless impact) problem.

» Exact solutions were computed for idealized problem. Approximate reference
solutions were computed using MOC for real problem.

* In both cases, XFEM recovered the Lagrangian behavior and converged to the
exact or reference solution with expected accuracy.

“Whipple” satellite

— XFEM shows tremendous promise for shield

multimaterial shock-hydro problems.

— Verification testing and initial beta testing are
both nearly complete.

Mesh\

Sandia refinement
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XFEM computational cost is significant

Use of XFEM in ALEGRA is a compromise between computational cost and

accuracy. Dramatically increased accuracy of XFEM requires roughly an order-of-
magnitude increase in computational cost:

Total elapsed run time for Cu-Cu-Al, 100-m/s cohesionless impact simulation
with N = 1280 elements per plate...

Lagrangian: 1192 s (serial, 3840 elements)
Eulerian: 1193 s, (4 cores, 5312 elements)
Eulerian+: 1026 s (4 cores, 5312 elements)
XFEM: 10086 s (8 cores, 5312 elements)

However, it should be noted that significantly lower resolution is required to capture
important interfacial effects in XFEM compared to standard Eulerian FEM.

Sandia
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revolutionary and needs rigorous verification

To characterize accuracy and correctness of XFEM implementation in ALEGRA
for shock problems, a shock verification problem is needed.

Crack propagation Circular void expansion 1D high-velocity impact and shock
Hansbo and Hansbo, CMAME 2004  Dolbow et al, CMAME 2008 Present work

AT AV AN AN AV AT AVAV A 025
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mAWAVAVAYE S N TANL
Px A AV ATATA
e AT AT
AR NS 0.2
T = 7 3 \
3t R o
[ [ 2
YAV, mg
b Al el 015
A T
i) <K
Ay, Ave
o, RS Ho
SC RO
ATA'A Ay,
] MK
- WA 008
A o A Y A,
PN ; LA TATAVEYE e
G A Ay R A AT
1 TAVE AT AT i
S N AT o
Fig 8. Numerical approdmation »* 1o the solution u of the one-sided
problen.
See Carpenter et al., IINME 1991
Fig. 4. Displacements for the contact protlem.
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Some restrictive assumptions are necessary
to maintain dissipationless character

To obtain this very simple solution, what material response must be assumed?

* Hugoniot is linear — linearized Mie-Grineisen EOS may be used.
Us = co + sU,
p(p: E) = pu +Topo[E — En(p)]

« Wave speed is a fixed material property — compression and release waves

have the same fixed speed.
s =10 Copper: s = 1.489

» Thermal contribution to Mie-Gruneisen is negligible — only volumetric
(Hugoniot) contribution affects the pressure.

FD — () Copper: T, = 1.99

« Constitutive response is purely elastic

Sandia
National
Laboratories 6 of 25



An exact solution for Newton’s
cradle can also be obtained analytically

Three assumptions are necessary to make the problem dissipationless:

1. Deformation is uniaxial — stress tensor o is spherical and p = tr(c)/3
2. Material response is elastic — plasticity and fracture play no role
3. Thermal contribution to pressure much smaller than volumetric contribution

Pressure in the initial impact event is then determined solely by the Hugoniot:

r
I}

P11 = pro+proUiq —uio)(urg — uio)

P21 = p2o+p2.0(Uz1 — uso)(uz1 — usp)

An additional assumption is required: shock wave speed = sound wave speed: fixed.
U1 =uiq — ¢

L'Tgll = Ugq1 T C2

Setting impact pressures and material velocities to be equal and solving,

we obtain the shock state (j = 1) in imp Ui1—uio
P11 = P1,073
Uix—uig
Uy.0 Vimp [] .

. Ug ] = —— = — Jo.1 — U2,
Sandia < 9 9 _ — _

@ National = = P21 = P20 Us 1 — u2 g

Laboratories o o
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An exact solution for Newton’s
cradle can also be obtained analytically

Pure transmission across the plate-2/plate-3 interface implies plate 3 has the
same shock state as plate 2.

Our assumptions imply the release state also lies on the Hugoniot. Same
expressions and process then yield plate-3 release state (j = 2), when pressure
is set equal to zero:

p32 =p31+p3.1(Uso —usq1)(uzo —uzqi) =0

Substituting Hugoniot pressure, density, and particle speed for the shock state
in plate 3 into this expression, and solving for plate-3 release particle speed
yields:

U3 o = Uz 1 + Ug 1 = 2Ug 1

u3,2 = uU1,0 = Vimp-

Sandia
National
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eiemen dCes 1IN standar

Problem Expected Computed (FEM)
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» Erroneous material states induced by slipping and expansion

Sandia * Inadmissibility of void-opening and relative motion between materials

National
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XFEM eliminates these dynamical fallacies

With XFEM, the issues surrounding subgrid multimaterial physics in the Eulerian
frame are addressed directly:

« Advection employs a monotonicity-preserving Intersection Remap method with
third-order limiting (J Mosso).

* Interfaces are captured using Pattern Interface Reconstruction, which

reproduces linear interfaces in all orientations and has 2" order accuracy for
planar and curved surfaces (J Mosso).

» Forces on enriched-element nodes lying on interfaces are controlled by a
forward-increment Lagrange multiplier contact algorithm (Tom Voth).

Sandia
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