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Contact mechanics 

"Brick Wall” 
in ALEGRA 

n  Global search 
n  Repartition to load balance contact 

operations 
n  “Ghosting” is used to ensure potentially-

contacting entities are visible on a given 
processor 

n  Local search and imprinting 
n  On each processor, “imprint” contacting 

entities 

n  Enforcement  
n  Assemble terms that describe physics 

interaction between entities 
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Primary decomposition-based search 

n  Contact calculations are performed using the same decomposition 
used for the physics solution 
n  The surface entities that are involved in contact are not typically 

balanced across the available processors 
n  Indeed, some processors might not contain any surface entities and will 

idle during contact operations 

n  Use a “ghosting search” to migrate possibly contacting entities so 
they are visible to each other on the processor 

Requires only a limited amount of entity communication but the load  
balance is generally poor. 
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Secondary decomposition-based search 

n  A secondary decomposition is used to evenly spread the contacting 
surface entities across the available processors 

n  Use of either an inertial or RCB decomposition ensures most of the 
possibly contacting entities are on the same processor. A “ghosting 
search” might again be used to migrate entities to eliminate further 
communications during the remaining contact operations 

A large amount of communication is needed to evenly distribute the  
surface entities, and again to recover the primary decomposition at the 
completion of the contact operation. Load balance is good, however. 

The “fastest” approach is problem dependent. We consider only the ghosting 
search in this study. 
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Local search and imprinting 

n  Search to determine possibly contacting “pairs” or subsets of entities 
between surfaces 

n  “Imprinting” establishes the geometric relationships between entities 
via projection, to support finite element enforcement operations 

The MOERTEL [2] mortar methods package included in the Sandia National Laboratories TRILINOS multiphysics algorithm
package supplies the implementation of the mortar formulation. This section provides a quick summary of the process of
creating the M and D coupling matrices.

Fig. 2 shows a hypothetical relationship between an element at the outside boundary of the fuel pellet that is interacting
across the gap with an element of the cladding. Here, the pellet side of the interface will be the mortar (m) side while the
cladding surface is the non-mortar (s) side.

The mortar projection algorithm begins with defining an surface-outward normal n to element face k. As k is generally
non-planar, the approach is based on the notion of a ‘‘best fitting’’ plane p to k. n is then defined as a vector passing through
the geometric center xo of k, that is normal to p as shown in Fig. 3.

Further, one may define a new polygon ~k by projecting the corners of k onto p following n. A second polygon~l is formed by
the projection of the corners of l onto p along n, shown in Fig. 4(a). The intersection of these facets ~k \~l is computed, resulting
in the complex polygon shown in Fig. 4(b).

Fig. 2. Illustration of a scenario where an element at the boundary of the fuel pellet interacts across the gap with an element in the cladding. Element face l
is the face of a pellet element exposed to the cladding, where element face k is the ‘‘closest’’ exposed cladding element face to l.

Fig. 3. The normal n to the plane p is normal to element face k at the geometric center xo of k. (b) Diagram denoting the projection of the corners of l onto
plane p along the normal n.

Fig. 4. A new complex polygon facet is formed by the intersection of ~k and ~l.
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Lastly, Fig. 5 shows the use of the center of ~k to serve as a triangulation point of the polygon. Depending on the complexity
of the polygon, a number np triangular pallets in p may be constructed. Gauss points g are defined and positioned on each of
the triangular pallets in p. These points are then projected along n onto the element faces k and l, which supports the def-
inition of local parametric coordinates on these faces (with respect to p) of np,k and np,l, respectively.

With respect to the triangle pallet t, one may symbolically define the assembled contribution to M and D as
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where Nk is the basis of the triangle pallet, Ns the basis of the non-mortar facet l, Nm is the basis of the mortar facet k, and At is
the area of pallet t. For more details on the integration method, see [18] and the MOERTEL code [2].

2.3. Discretization of the transient gap

In the fuel performance problem, the relationship between element face l and k shown in Fig. 2 changes each time step.
Here, changes in power level of the reactor along with fission product accumulation within the pellet and creepdown of the
cladding causes the gap distance to generally decrease, and the pellet faces l to move axially with respect the cladding faces
k. Thus, the relationships of the segments that form the mortar finite element space must be reformed each time step. In a
Newton method, these relationships must be reformed every Newton iteration, each time step. In this case, each Newton
step produces relative motion between the segments until convergence is achieved.

It is necessary to accurately compute the gap between the pellets and cladding, as the gap distance strongly influences the
heat flux from the pellets to the cladding and thus the pellet centerline temperature. In the approach proposed here, the gap
distance influences the heat flux through (14). Additionally, the gap distance is required to determine the state of the
mechanical contact problem and also the volume of space between the pellet and cladding. The gap equation is derived from
(24), (25) and (28); where a value of gap consistent with the Lagrange multipliers

gk ¼ xs
k $ xm

k ð34Þ

is sought. Here,

xs
k ¼ Xs

k þ us
k;

xm
k ¼ Xm

k þ um
k :

ð35Þ
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um
k ¼ MT um: ð39Þ

The value of the gap distance normal to the contact interface that appears as gn in the heat flux Eq. (14) also determines the
local state of contact of the pellet and cladding as shown in Section 3.1. Lastly, given the above gap expression, one can cal-
culate the gap volume between the pellet and cladding surfaces by multiplying the average normal gap distance by the area
of the triangular pallets in Fig. 5, for each segment in the contact problem.

Fig. 5. Discretization of the polygon to form np triangular pallets.
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Enforcement 

n  "Augment" the physics problem with terms that represent the contact 
interaction, using multi-point constraints (MPC), penalty methods, or 
Lagrange multipliers 

3.1. Transient plenum pressure and regularization of Newton’s method

In the JFNK implementation, the residual function (41) is not differentiable due to the form of the mechanical constraint
(26). In this expression, when the gap (24) is open, the value of normal traction transferred across the gap from the pellet to
the cladding is zero. In actuality however, there is always a pressure imparted to both the pellet and cladding by the helium
contained in the gap and plenum volume. This pressure varies with integrated gap volume, fuel temperature, and fuel age. At
the instant of gap closure, the normal pressure spikes above the plenum pressure and assumes a magnitude sufficient to pre-
vent the pellet and cladding from interpenetrating. This discontinuous behavior will affect the performance of the Newton
solver proposed here. To address the need to impose a normal traction to model the plenum pressure and to regularize New-
ton’s method, a cross-constraint method similar to that advanced by Zavarise et al. [27] is employed. This approach develops
a contact pressure that is a function of plenum pressure and gap distance

Pc ¼ AsegPoe½SNEðn$gnÞ
2 &; ð47Þ

where Pc is the instantaneous contact pressure, Aseg is the area of the segment, Po is selected to provide the correct plenum
pressure in the gap derived from the gap/plenum volume and a suitable equation of state, n is the initial gap distance at this
location (normal to the interfaces), gn is the current gap distance, and SNE is a parameter selected to provide the desired force
at gap closure. This equation is folded directly into the constraint equation, much like Newton’s law of cooling was embed-
ded into the thermal constraint equation above. In this case, (23) becomes

Pu ¼
Z

CC
tn gn $

tn

Pc

! "
dCC ; ð48Þ

where gn is the gap normal to the interfaces, and tn is the traction (pressure) along this normal. This changes the form of (28)
to

ah
uðu;wÞ þ ch

uðw; kuÞ þ ch
uðu;luÞ ¼ uT

i uT
m uT

s kT
u

# $
Aii Aim Ais 0
Ami Amm 0 M
Asi 0 Ass D
0 MT DT 2

Pc

0

BBB@

1

CCCA

wi

wm

ws

lu

0

BBB@

1

CCCA: ð49Þ

In the solution of (19) and (49), the displacement of the nodes on the contact interface and thus the gap is instantaneously
dependent on the coupled thermomechanics solution. In the proposed method, these matrices are multiplied by the current
state (or initial guess) to form a single nonlinear residual vector (42), during the JFNK function evaluation process. Here, the
formation of the action of the Jacobian (46) requires that each of the state variables be augmented by epsilon-scaled values of
v,

xðk
0Þ  xðkÞ þ ev: ð50Þ

In implementation, the JFNK function evaluation accepts a generic vector argument that may be either the current state or
the state with various components augmented using components of v. As the interface displacements are components of the
state vector, to properly form (46) would require propagating the augmentation of the displacement components throughout
the MOERTEL library used here, and thus require a partial reintegration of the mortar problem each JFNK function evaluation
call. For simplicity, the interface displacements were not perturbed inside of the function evaluation process; the mortar
integration was evaluated once at the beginning of each Newton iteration and held constant. Given an appropriate conver-
gence tolerance, this will not affect accuracy but it will negatively impact the nonlinear convergence over what would be
expected from a proper JFNK approach. This current limitation will be studied and addressed in future work.

In a more conventional contact implementation, the blocks 2/U in (19) and 2/Pc in (49) would both be zero, and the La-
grange multipliers would be activated or inactivated depending on the state of contact. In this implementation, the Lagrange
multipliers are always active due to the need to transfer heat flux for the thermal problem (as well as regularize it) when the
gap is open, and the need to transfer plenum pressure, as well as regularize, the mechanical problem. Note that both of these
blocks are of diagonal structure with component magnitudes that depend on the problem state each Newton iteration. Fur-
ther, as contact (both thermal and mechanical) is approached, the denominators grow large, therefore the diagonals of these
blocks approach zero. Thus, in the limit the matrix tends toward the proper Karush–Kuhn–Tucker matrix as the gap gets
small. Further, these blocks are updated within the JFNK function evaluation step using the most current information.

4. Results

The results presented in this section were generated by implementing the above algorithm using the Sandia National Lab-
oratories TRILINOS multiphysics algorithm package. The TRILINOS MOERTEL [2] mortar methods package supplies the imple-
mentation of the mortar finite element method. NOX was the nonlinear solver that was used, along with the STRATIMIKOS
interfaces to the linear solvers and preconditioners within TRILINOS. The BELOS block GMRES linear solver was used (with
one block) along with IFPACK for preconditioning.
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When the gap is closed, the heat flux across the gap is assumed to be governed by the thermal solution elsewhere in the
domain. Stated differently, the thermal resistance of the gap is assumed to be zero, such that Ts = Tm. When the gap is open,
the heat flux across the gap is expressed by (12). Further,

Ts ! Tm ¼ q
U
: ð15Þ

These constraints may be written in the form of a boundary condition to (1),

PT ¼
Z

CC
q Ts ! Tm ! q

U

! "
dCC ; ð16Þ

where the constraint Ts ! Tm ! q
U ¼ 0 holds for all values of the gap g. In weak form, this can be expressed as

cTðT; kTÞ ¼
Z

CC
kT Ts ! Tm !

kT

U

# $
dCC ; ð17Þ

where kT is the Lagrange multiplier in the multiplier space M. Here, the Lagrange multiplier is synonymous with the flux
across the gap. Solutions of the aggregate constrained problem are obtained by solving the saddle point problem: find
ðT; kTÞ 2 V %M such that

ah
TðT;vÞ þ ch

Tðv ; kTÞ ¼ !Fh
TðT;vÞ 8vh 2 Vh

ch
TðT;lTÞ ¼ 0 8lh

T 2 M
h:
: ð18Þ

The h superscript means that the terms are defined element wise with respect to (8). For this form, the composite stiffness
matrix state vector product may be written symbolically as
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This notation follows [1]; here Aii, Ti, and vi is the stiffness matrix, vector of temperatures, and vector of test functions for the
interior of the domain, respectively. Amm, Tm, and vm is the stiffness matrix, vector of temperatures, and vector of test func-
tions for the mortar side of CC, and Ass, Ts, and vs is the stiffness matrix, vector of temperatures, and vector of test functions
for the non-mortar side of CC. Matrix M represents the coupling matrix between the mortar side of the interface and the
Lagrange multipliers, and D is the coupling between the non-mortar side and the multipliers.

The time derivative term can be written similarly as a composite mass matrix vector product. In this case, the mass matrix
is multiplied by the time derivative of the state on an element by element basis to form a contribution to the JFNK residual
vector

Fh
TðT;vÞ ¼ _TT

i
_TT

m
_TT

s
_kT

T

% &
Bii Bim Bis 0
Bmi Bmm 0 0
Bsi 0 Bss 0
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Here Bii; _Ti, and vi is the mass matrix, vector of time derivatives of the temperatures, and vector of test functions for the inte-
rior of the domain, respectively. Further, note that internal heat generation terms Q are used in these results; they contribute
to the Fh

TðT;vÞ term but are not shown explicitly here.
The constraints for the mechanical interaction across the gap are developed similarly. The simple approach employed

here defines the gap vector between two interfaces as the difference between selected coordinates on each interface. Further,
this constraint will fully transfer both normal and tangential tractions across the interface when the gap is zero, where no
traction is transferred if the gap is nonzero:

g ¼ xs ! xm P 0; ð21Þ

t P 0: ð22Þ

Ultimately, one desires that the tangential traction be determined by a friction model; this is left for future work. This stick-
slip constraint may be written as a boundary term

Pu ¼
Z

CC
tðxs ! xm ! gÞdCC ; ð23Þ
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rior of the domain, respectively. Further, note that internal heat generation terms Q are used in these results; they contribute
to the Fh

TðT;vÞ term but are not shown explicitly here.
The constraints for the mechanical interaction across the gap are developed similarly. The simple approach employed

here defines the gap vector between two interfaces as the difference between selected coordinates on each interface. Further,
this constraint will fully transfer both normal and tangential tractions across the interface when the gap is zero, where no
traction is transferred if the gap is nonzero:

g ¼ xs ! xm P 0; ð21Þ

t P 0: ð22Þ

Ultimately, one desires that the tangential traction be determined by a friction model; this is left for future work. This stick-
slip constraint may be written as a boundary term

Pu ¼
Z

CC
tðxs ! xm ! gÞdCC ; ð23Þ
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Contact search – MPI+X strategy 

n  Transfer node and face lists to the 
coprocessors 

n  Compute potential objects to 
ghost 

n  Transfer node boxes to host, 
communicate with MPI 

n  Communicate incoming node 
boxes to coprocessors, search 
against faces 

n  Construct export buffers that 
describe entities to be ghosted 

n  Zoltan migrate ghosted entities 
using MPI 

ContactNodeBlock 
 

node mini-topology 
list 

ContactFaceBlock 
 

face mini-topology 
list 

Construct Bounding Boxes 

Compute Ghosted Objects 

Communicate 
Node Boxes 

Search Faces against Nodes 

Migrate 
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Parallel search algorithm 

n  Epsilon-inflated axis-aligned bounding boxes (AABBs) wrap 
the entities that could come in contact 

n  Need both the tree traversal and construction to be parallel 
with sufficient occupancy on coprocessors 

n  Employ linear BVH tree designed to be constructed in 
parallel 
n  sort along Z-order curve defined by Morton codes 
n  number the entities in a careful way to break the 

dependence on parent nodes in the tree (Karras, HPG 2012) 
n  unfortunately, new approach requires 3 binary searches per 

entity instead of one and will run slower on a single thread 
than an optimal serial algorithm 

2 Glen Hansen et al.

The development of accurate and efficient parallel com-
puting strategies for contact problems is quite important if
one combines multiphysics with contact in complex assem-
blies. Further, new computer architectures are driving the
use of multithreaded and coprocessor configurations to pro-
vide higher degrees of parallelism to support these more
complex scenarios.

The need to accurately predict the location and evolution
of the contact point(s) of a surface undergoing large defor-
mation can be critical to a calculation. Consider the billiard
ball example; the transient relationship between two balls,
the location of the contact point when they touch, and the
velocity (and resultant force) that they impart on each other
completely govern the outcome of the interaction. Accuracy
of the result may be the difference between simulating a ta-
ble clearing shot versus no balls sunk.

A contact simulation typically begins with identifying
the discrete entities that make up the external surfaces of the
bodies being simulated, to determine the sets of entities that
could potentially contact each other. In many cases, particu-
larly in the case of a finite element simulation, the bodies are
meshed using volume elements. The surfaces of these bodies
are then usually represented by the external faces and nodes
of the volume mesh.

The contact search operation amounts to determining
which of the external discrete entities (nodes, element edges,
and faces) of one body might come into contact with the en-
tities of the second body, during the current time step1 of
the simulation code. This determination is not typically well
posed in the sense that the position of the entities on each
of the bodies is known at the beginning of the time step, but
they might not be known at the end of the time step. For the
purposes of this paper, we will assume that the entities move
in a simple way during a time step and traverse the next high-
est dimension in space; i.e., a node traces out a curve as it
moves in time, an edge traces out a quadrilateral region, and
a face sweeps out a volume as it advances during a time step.

The concept of contact spatial searching is clear; one
wishes to determine which of the swept spatial areas and
volumes intersect within a given simulation time step. To
perform this intersection search efficiently, one will of-
ten place these swept spatial regions into e-inflated, axis-
aligned bounding boxes (c.f. fig. 2), and then employ a bi-
nary or tree search to determine which of the bounding
boxes potentially intersect. If high precision is needed for
the potentially intersecting candidates, one may examine the
intersection of the underlying entities that were used to con-
struct the axis-aligned bounding boxes. The use of a k-D
tree search scheme is very popular approach (c.f. [11]). At-

1 Note that most of the discussion regarding the search operation is
independent of whether the simulation is transient or quasi-static. We
choose to use the term time step rather than load step but they may be
used interchangeably unless otherwise noted.

En#ty& ε"ε"

ε"

ε"

x 

y 

Fig. 2 An e-inflated axis-aligned bounding box is aligned with the x
and y axes, and encloses the entity in question with at least an e sepa-
ration between the outside surface of the entity and the inside surfaces
of the bounding box.

taway et al, [1] present more details on the construction of
bounding boxes for contact search in dynamics applications,
where the potentially contacting entities move within a time
step.

Typically, the number of bounding boxes N that need to
be searched each time step can be quite large, as they corre-
spond to the entities that lie on the external boundaries of the
meshed bodies. Given an efficient tree search, one can typ-
ically determine the intersection candidates in O(N log(N))
operations, where log(N) operations are needed to scan the
tree for each item in the set of N items participating. One
usually desires to perform this tree search operation in par-
allel to reduce run time. Secondly, the underlying compu-
tational mechanics simulation is also run in parallel, often
using a domain decomposition method to distribute the fi-
nite elements evenly on the available processors (the pri-
mary decomposition). The surface entities will inherit the
underlying finite element decomposition structure, but this
typically does not result in a well balanced spatial search.
Indeed, for an arbitrary finite element decomposition it is
likely that some processors will have a significant number
of boundary entities that need to participate in the spatial
search, and some processors will have none. The parallel
spatial search using such a decomposition will not perform
well.

There are two potential approaches to parallelizing the
spatial search:

– Re-partition the surface entities to obtain a balanced sec-
ondary decomposition and perform the spatial search us-
ing that decomposition, or

– Use the primary decomposition for the spatial search and
“ghost” potential off rank contact entities from “nearby”
processors to facilitate the on rank search, accepting
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Data movement: original MPI model 

Network	

Pack/ 
Unpack	



Zoltan_Migrate(), MPI_SEND(), etc 

Design optimized for MPI performance/scalability 

Rank k 
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Data movement: current GPU implementation 

Network	



Pack/ 
Unpack	



Design balanced for performance on both sides 

Rank k 
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Global ghosting search using Kokkos: MPI+GPU 

Global Search Overall Scaling of Ghosting Function 

n  Results on "Curie" (one NVIDIA KX20 / node) 
n  MAS = Morton-code accelerated search 
n  MigrateExportedData() = Zoltan_Migrate of ghost nodes and faces 
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Global ghosting search using Kokkos MPI+OpenMP 
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n  Results on "Curie" (16-core Opteron / node) 
n  MAS = Morton-code accelerated search  
n  MigrateExportedData() = Zoltan_Migrate of ghost nodes and faces 
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Scalability on multicore and GPU architectures 

n  Compare Kokkos/OpenMP 
1,2,4,8 threads and Kokkos/
Cuda 

n  Diversity in the 
performance of 
Kokkos::atomic_fetch_and_
add 
n  Fast on Kepler 
n  Reconsider approach on 

Opteron 

n  Ongoing work: 
n  try “count-allocate-fill” 

pattern, at least for 
OpenMP 

n  Experiments on Xeon/Phi 
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Need to address MPI communications model 

Network	



Pack/ 
Unpack	



Pack and unpack on device buffer, then MPI_SEND() using device buffer handle 

Note: Latency hiding can easily be employed here 
•  Initiate ghosting search at end of previous solution step 
•  Assemble remainder of finite element physics problem while 

waiting for ghosting migration to complete 
•  Perform local search and imprinting – proceed to assembly of 

contact contributions 

Rank k 
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Conclusions 

n  A tradeoff exists between possible performance gains with MPI 
parallelism and on-node multicore parallelism 

n  With the contact problem, the physics solution and decomposition will 
enforce a given MPI rank structure and data layout 

n  Within that context, one must weigh entity communications costs and 
load balancing issues 
n  if "FLOPS are free," load imbalance may not be a large concern 
n  However, there is a limited amount of memory on the GPU, may need to 

rebalance to spread the contact operations across available GPU 
memory 

n  It can be the case that an implementation designed for one 
coprocessor (GPU) may not perform well on another (Phi/multicore) 
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