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1.

Introduction

The ALEGRA * software is used heavily in engineering research and development
efforts. Its technical credibility relies on rigorous verification efforts, which, in turn,
rely on the discovery and/or development of analytic solutions for the physics
equations that ALEGRA solves numerically, in problems that are relevant to
engineering needs. Engineers must deal with quite complex systems, characterized
by numerous material parameters, sophisticated geometrical shapes of different
parts, interfaces of different physical nature, and wide ranges of physical
parameters, requiring essentially nonlinear equations of state or kinetics equations.
Of course, it is an advantage that computer-based modeling allows synthesis of
multiple effects in a coherent project. It is clear, however, that exact analytical
solutions for real engineering systems are simply unthinkable. The only realistic
approach to the verification consists of applying the ALEGRA code to the relevant
subsystems of the original system. If the subsystem is sufficiently simple there
appears a chance not only to generate exact analytical solutions and compare them
with the results, delivered by ALEGRA, but also to explore the rate of convergence
of the ALEGRA-generated solutions to the explicit solutions.
With the wide implementation of the computer-based approaches in the engineering
practice the role of analytical solutions essentially changes. On the first glance, the
role of analytical solutions diminishes, and some engineers think the role of those
solutions becomes negligible. This vision has nothing in common with reality. In
fact, computers do, basically, more or less routine work that allows analytically
minded researchers to concentrate on the most difficult qualitative aspects of the
phenomena under study. Also, in some domains it is necessary to combine
numerical solutions in the subdomains that have slow-varying fields with analytical
solutions in the vicinity of domains that have extremely fast rates of change of the
fields of interest.
In this and forthcoming reports we deal with modeling propagation of electric
current in heterogeneous media. The heterogeneities may have different origins.
For instance, they can have deliberately designed origins. Such engineering
materials are called composite materials. For instance, we may deal with a
nonconducting ceramic matrix containing highly conducting metal parts in the form
of rods or spheres. Also, the heterogeneities can appear under the influence of
heating, generated within the originally uniform electroconducting matrix due to
the Ohm’s heating. The heating is able to create subdomains of the completely
melted and even evaporated materials. Those subdomains dramatically change their
*
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conductivity when undergoing melting or evaporations. Such materials are of a big
interest in applied—in particular, military systems (see, for instance, Cooper1 and
Hansen2). Our main target are the systems, including mechanisms similar to the
exploding wires.
Exploding wires have been intensively explored with the help of ALEGRA.3,4 This
technology includes a variety of different phenomena: phase transformations,
plasma generation, and electromagnetism, among others. A significant feature of
those phenomena are remarkably high deformation rates and very short time scale.
Nevertheless, we will begin our verification work examining ALEGRA in the
simplest case, when dealing with the steady state current. In this first report, we
concentrate on the case of a spherical conductor. In the second one we will extend
our analysis for a much bigger variety of the shapes, which can be approximated
with the triaxial ellipsoids. Mathematically, this problem is quite close to the
problems analyzed in many advanced textbooks on mathematical physics and
applications to hydrodynamics, electrodynamics,5 the Newtonian potential theory,6
and heat conduction,7 among many others. In this report, we use a method that can
be traced back to the papers of Eshelby.8,9 One of the advantages of this method is
it permits the extension for the inclusions with nonlinear Ohm’s law. This extension
is particularly important for engineering applications dealing with electric currents
of hundreds of thousands of amperes.
Earlier, we implemented the Eshelby technique in ALEGRA treatments of
magnetization problems.10,11 Here, it is implemented in a different context for
studying electrification and Ohmic heating (also called “resistive” or “Joule”
heating) in heterogeneous material. The specific problem we consider is described
in Section 2, involving electrification of an inclusion within some conducting
matrix. This problem provides several of the desired features for a challenging
verification problem, including the presence of multiple materials and interfaces
among them that have nontrivial shapes. Elliott and Larsson analyzed the problem
of Joule heating, but only for a single-material domain.12 Rienstra studied Joule
heating in a material with insulating boundaries, but the boundaries had a corner,
resulting in a singularity.13 Here, we study an inclusion with a circular shape, which
allows for a simpler solution form that can be used for verification of numerical
methods. Exact solutions for this problem, including linear and nonlinear materials,
are derived in Section 3 for a spherical inclusion and in Section 4 for a cylindrical
inclusion. Two limiting cases are considered in Section 5 for the spherical inclusion
shape and linear materials: a conducting inclusion and an insulating inclusion. For
these two cases, the analytic solution is evaluated and plotted for visualization.
Section 6 describes the setup of an ALEGRA simulation for the insulating case and,
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finally, Section 7 shows ALEGRA simulation results for the problem, with
quantitative comparison to the analytic solution.

2.

Mathematical Formulation of the Problem

Consider a spherical conductor embedded in an infinite conducting space, as shown
in Fig. 1. Let Ω+ be the domain inside the inclusion and Ω− be the domain outside
the inclusion. The electrostatic potential 𝜑𝜑 satisfies the Laplace equation
everywhere (inside and outside the inclusion)
𝛻𝛻𝑖𝑖 𝛻𝛻 𝑖𝑖 𝜑𝜑 = 0

Fig. 1

.

Conducting inclusion within conducting matrix

At the boundary 𝑆𝑆 the following conditions should be satisfied:
and

(1)

[𝜑𝜑]+
− =0

(2)

𝑖𝑖
[𝐼𝐼𝑖𝑖 ]+
− 𝑁𝑁 = 0

(3)

where 𝐼𝐼𝑖𝑖 is the component of the electric current and 𝑁𝑁 𝑖𝑖 are the components of the
normal to the boundary.
At infinity, we use the following condition

𝐼𝐼𝑖𝑖 (𝑧𝑧) → 𝐼𝐼𝑙𝑙𝑖𝑖 at �𝑧𝑧 𝑖𝑖 � → ∞
3

(4)

where I is a constant and li is the field of parallel unit vectors.
It is assumed the matrix is made of a linear isotropic conductor; this means the
current 𝐼𝐼 𝑖𝑖 is connected with the potential gradient 𝛻𝛻𝑖𝑖 𝜑𝜑 via the classical Ohm’s law
(5)

𝐼𝐼𝑖𝑖 = −𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝛻𝛻𝑖𝑖 𝜑𝜑

where 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 is a positive constant called the conductivity.

We assume a much more general conductivity law inside the inclusion
(6)

𝐼𝐼𝑖𝑖 = 𝐹𝐹𝑖𝑖 (𝛻𝛻𝑚𝑚 𝜑𝜑)

where Fi is an arbitrary vector-function of the gradient of the electrostatic potential.
When Fi is a linear vector-function, we get
𝐹𝐹𝑖𝑖 (𝛻𝛻𝑚𝑚 𝜑𝜑) = −𝜎𝜎𝑖𝑖𝑖𝑖 𝛻𝛻𝑗𝑗 𝜑𝜑

(7)

𝜎𝜎𝑖𝑖𝑖𝑖 = 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 𝑧𝑧𝑖𝑖𝑖𝑖

(8)

𝐼𝐼𝑖𝑖 = −𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 𝛻𝛻𝑖𝑖 𝜑𝜑

(9)

where 𝜎𝜎𝑖𝑖𝑖𝑖 is the conductivity tensor. It is usually assumed (using different
arguments) this tensor is positive definite and symmetric. When the matrix is
isotropic we get, by definition,

and Eqs. 6 and 7 lead to the standard Ohm’s law

where (in Eq. 8) z ij is the metrics coinciding with the Kronekker delta in the
Cartesian coordinates).
In this case, we can rewrite the current continuity boundary condition Eq. 3 in the
form
𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝛻𝛻𝑖𝑖 𝜑𝜑𝑁𝑁 𝑖𝑖 = 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 𝛻𝛻𝑖𝑖 𝜑𝜑𝑁𝑁 𝑖𝑖

.

(10)

However, in general, we neither need the assumption of isotropy or linearity of the
inclusion. In this general situation, the boundary condition of the current continuity
reads
𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝛻𝛻𝑖𝑖 𝜑𝜑𝑁𝑁 𝑖𝑖 = 𝐹𝐹𝑖𝑖 (𝛻𝛻𝑚𝑚 𝜑𝜑)𝑁𝑁 𝑖𝑖

where Φ(|𝛻𝛻𝜑𝜑|) is a certain function of the module of the potential gradient.
When the inclusion is isotropic but still nonlinear, we get
4

(11)

𝐹𝐹𝑖𝑖 (𝛻𝛻𝑚𝑚 𝜑𝜑) = Φ(|𝛻𝛻𝛻𝛻|)𝛻𝛻𝑖𝑖 𝜑𝜑

.

(12)

When the inclusion is isotropic but still nonlinear, the Eq. 11 should be replaced
with the following one:
𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝛻𝛻𝑖𝑖 𝜑𝜑𝑁𝑁 𝑖𝑖 = 𝛷𝛷(|𝛻𝛻𝛻𝛻|)𝛻𝛻𝑖𝑖 𝜑𝜑𝑁𝑁 𝑖𝑖

.

(13)

In the case of a linear isotropic inclusion, we get

3.

.

Φ(|𝛻𝛻𝛻𝛻|) = 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖

(14)

Exact Solution for Spherical Inclusion

We will be looking for the solution in the following form:
1

and

𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) = �𝐴𝐴𝑖𝑖 𝑟𝑟 3 − 𝜎𝜎

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑖𝑖 � 𝑧𝑧 𝑖𝑖

𝜑𝜑𝑖𝑖𝑖𝑖𝑖𝑖 (𝑧𝑧) = 𝐾𝐾𝑖𝑖 𝑧𝑧 𝑖𝑖

outside the sphere

inside the sphere

.

(15)

(16)

The linear function 𝜑𝜑𝑖𝑖𝑖𝑖𝑖𝑖 (𝑧𝑧) obviously satisfies the Laplace Eq. 1.

Let us demonstrate now that the function 𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) also satisfies the Laplace
equation. Indeed, we get
1

𝛻𝛻𝑖𝑖 𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) = 𝐴𝐴𝑖𝑖 𝑟𝑟 3 − 𝜎𝜎

and

1

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

1

𝑙𝑙𝑖𝑖 − 3𝐴𝐴𝑚𝑚 𝑟𝑟 5 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 𝑧𝑧𝑖𝑖𝑖𝑖
1

(17)

1

𝛻𝛻𝑗𝑗 𝛻𝛻𝑖𝑖 𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) = −3𝐴𝐴𝑖𝑖 𝑟𝑟 5 𝑧𝑧𝑚𝑚𝑚𝑚 𝑧𝑧 𝑚𝑚 − 3𝐴𝐴𝑗𝑗 𝑟𝑟 5 𝑧𝑧 𝑘𝑘 𝑧𝑧𝑖𝑖𝑖𝑖 − 3𝐴𝐴𝑚𝑚 𝑟𝑟 5 𝑧𝑧 𝑘𝑘 𝑧𝑧𝑖𝑖𝑖𝑖
1

+15𝐴𝐴𝑚𝑚 𝑟𝑟 7 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 𝑧𝑧𝑖𝑖𝑖𝑖 𝑧𝑧𝑗𝑗𝑗𝑗 𝑧𝑧 𝑛𝑛

Using Eq. 18, we get
1

1

1

.

(18)

1

𝛻𝛻 𝑖𝑖 𝛻𝛻𝑖𝑖 𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) = −3𝐴𝐴𝑖𝑖 𝑟𝑟 5 𝑧𝑧 𝑖𝑖 − 3𝐴𝐴𝑗𝑗 𝑟𝑟 5 𝑧𝑧 𝑖𝑖 − 9𝐴𝐴𝑚𝑚 𝑟𝑟 5 𝑧𝑧 𝑚𝑚 + 15𝐴𝐴𝑚𝑚 𝑟𝑟 5 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 = 0 . (19)
It is easy to see the function Eq. 15 satisfies the condition Eq. 4 at infinity.

To solve the boundary value problem, it remains to satisfy the boundary conditions
Eqs. 2 and 11.
With the help of the relationships Eqs. 16 and 17 the condition Eq. 2 of the potential
continuity can be rewritten as
5

1

𝐼𝐼

�𝐴𝐴𝑖𝑖 𝑟𝑟 3 − 𝜎𝜎

𝑙𝑙𝑖𝑖 − 𝐾𝐾𝑖𝑖 � 𝑧𝑧 𝑖𝑖 =0

𝑚𝑚𝑚𝑚𝑚𝑚

.

(20)

The boundary condition Eq. 20 will be satisfied at all points of the boundary
interface 𝑧𝑧 𝑖𝑖 𝑧𝑧 𝑖𝑖 𝑧𝑧𝑖𝑖𝑖𝑖 = 𝑅𝑅 2 if the following relationship is satisfied:
1

𝐴𝐴𝑖𝑖 𝑅𝑅3 − 𝐾𝐾𝑖𝑖 = 𝜎𝜎

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑖𝑖

.

(21)

With the help of the relationships Eqs. 16 and 17, the flux-continuity boundary
condition Eq. 11 can be rewritten as
1

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 �𝐴𝐴𝑖𝑖 𝑟𝑟 3 − 𝜎𝜎

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

1

𝑙𝑙𝑖𝑖 − 3𝐴𝐴𝑚𝑚 𝑟𝑟 5 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 𝑧𝑧𝑖𝑖𝑖𝑖 � 𝑁𝑁 𝑖𝑖 = 𝐹𝐹𝑖𝑖 (𝐾𝐾𝑚𝑚 )𝑁𝑁 𝑖𝑖 .

(22)

Using the relationship 𝑁𝑁 𝑖𝑖 = (1/𝑅𝑅) 𝑧𝑧 𝑖𝑖 , we can rewrite the boundary condition Eq.
22 as
1

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 �𝐴𝐴𝑖𝑖 𝑅𝑅3 − 𝜎𝜎

𝐼𝐼

𝑚𝑚𝑚𝑚𝑡𝑡

1

𝑙𝑙𝑖𝑖 − 3𝐴𝐴𝑚𝑚 𝑅𝑅5 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 𝑧𝑧𝑖𝑖𝑖𝑖 � 𝑧𝑧 𝑖𝑖 = 𝐹𝐹𝑖𝑖 (𝐾𝐾𝑚𝑚 )𝑧𝑧 𝑖𝑖 .

(23)

1

(24)

After simple regrouping and adding similar terms we can rewrite Eq. 23 as
𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 �2𝐴𝐴𝑖𝑖 𝑅𝑅3 + 𝜎𝜎

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑖𝑖 � 𝑧𝑧 𝑖𝑖 = −𝐹𝐹𝑖𝑖 (𝐾𝐾𝑚𝑚 )𝑧𝑧 𝑖𝑖

.

The relationship Eq. 24 will be satisfied in all points of the inclusion’s boundary if
the following relationship holds:
1

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 �2𝐴𝐴𝑖𝑖 𝑅𝑅3 + 𝜎𝜎

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑖𝑖 � = −𝐹𝐹𝑖𝑖 (𝐾𝐾𝑚𝑚 )

.

(25)

Thus, we arrive at the system of two vectorial algebraic equations, 21 and 25, for
two unknown vectors, 𝐴𝐴𝑖𝑖 and 𝐾𝐾𝑖𝑖 .
In the case of a nonlinear isotropic inclusion we use the relationships Eqs. 12 and
13. We then replace Eq. 25 with
1

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 �2𝐴𝐴𝑖𝑖 𝑅𝑅3 + 𝜎𝜎

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑖𝑖 � = −Φ(|𝐾𝐾𝑚𝑚 |)𝐾𝐾𝑖𝑖

Eliminating 𝐴𝐴𝑖𝑖 between Eqs. 21 and 26, we get

or

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 ��𝜎𝜎

2

𝑚𝑚𝑚𝑚𝑚𝑚

+ 𝜎𝜎

1

𝑚𝑚𝑚𝑚𝑚𝑚

.

� 𝐼𝐼𝑙𝑙𝑖𝑖 + 2𝐾𝐾𝑖𝑖 � = −Φ(|𝐾𝐾𝑚𝑚 |)𝐾𝐾𝑖𝑖
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(26)

(27)

�𝜎𝜎

1

𝑚𝑚𝑚𝑚𝑚𝑚

3

Φ(|𝐾𝐾𝑚𝑚 |) + 2� 𝐾𝐾𝑖𝑖 = −𝐼𝐼 𝜎𝜎

𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑖𝑖

.

(28)

For the linear isotropic inclusion we get, combining Eqs. 14 and 28,
𝜎𝜎

�𝜎𝜎 𝑖𝑖𝑖𝑖𝑖𝑖 + 2� 𝐾𝐾𝑖𝑖 = − 𝜎𝜎
𝑚𝑚𝑚𝑚𝑚𝑚

Equation 29 implies

3

3

𝐾𝐾𝑖𝑖 = − 𝜎𝜎

𝑖𝑖𝑖𝑖𝑖𝑖 +2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

Inserting Eq. 30 in Eq. 21, we get

.

𝐼𝐼𝑙𝑙𝑖𝑖

𝑚𝑚𝑚𝑚𝑚𝑚

(29)

.

𝐼𝐼𝑙𝑙𝑖𝑖

(30)

𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 −𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚
𝐼𝐼𝑙𝑙𝑖𝑖
𝑚𝑚𝑚𝑚𝑚𝑚 (𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 +2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 )

𝐴𝐴𝑖𝑖 = 𝑅𝑅 3 𝜎𝜎

.

(31)

Summarizing Eqs. 15, 16, 30, and 31, we arrive at the following exact solution:
𝜎𝜎

and

−𝜎𝜎

𝑅𝑅 3

𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) = �𝜎𝜎 𝑖𝑖𝑖𝑖𝑖𝑖+2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚
𝑖𝑖𝑖𝑖𝑖𝑖

3
𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟

− 1� 𝜎𝜎

𝑚𝑚𝑚𝑚𝑚𝑚

3

𝜑𝜑𝑖𝑖𝑖𝑖𝑖𝑖 (𝑧𝑧) = − 𝜎𝜎

1

𝑖𝑖𝑖𝑖𝑖𝑖 +2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

𝐼𝐼𝑙𝑙𝑖𝑖 𝑧𝑧 𝑖𝑖

𝐼𝐼𝑙𝑙𝑖𝑖 𝑧𝑧 𝑖𝑖

outside the sphere (32)

inside the sphere .

(33)

The relationships Eqs. 32 and 33 imply the following relationships for the electric
field 𝐸𝐸𝑖𝑖 = −𝛻𝛻𝑖𝑖 𝜑𝜑:
a) outside the sphere:
𝜎𝜎

−𝜎𝜎

𝐸𝐸𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) = − �𝜎𝜎 𝑖𝑖𝑖𝑖𝑖𝑖+2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚
𝑖𝑖𝑖𝑖𝑖𝑖

b) inside the sphere:

𝑚𝑚𝑚𝑚𝑚𝑚

𝑅𝑅 3
𝑟𝑟 3

− 1� 𝜎𝜎

1

𝑚𝑚𝑚𝑚𝑚𝑚

𝜎𝜎

−𝜎𝜎

𝑙𝑙𝑖𝑖 𝐼𝐼 + 3 𝜎𝜎 𝑖𝑖𝑖𝑖𝑖𝑖+2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚
𝑖𝑖𝑖𝑖𝑖𝑖

𝐸𝐸𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 (𝑧𝑧) = 𝜎𝜎

3

𝑖𝑖𝑖𝑖𝑖𝑖 +2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

For the current we get the relationship

𝑚𝑚𝑚𝑚𝑚𝑚

𝐼𝐼𝑙𝑙𝑖𝑖

𝑅𝑅 3
𝑟𝑟 5

𝑧𝑧𝑖𝑖𝑖𝑖 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 𝜎𝜎

1

𝑚𝑚𝑚𝑚𝑚𝑚

.

𝐼𝐼𝑙𝑙𝑘𝑘 (34)
(35)

a) outside the sphere:
𝜎𝜎

−𝜎𝜎

𝐼𝐼𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) = �1 − 𝜎𝜎 𝑖𝑖𝑖𝑖𝑖𝑖+2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

b) inside the sphere:

𝑖𝑖𝑖𝑖𝑖𝑖

𝑚𝑚𝑚𝑚𝑚𝑚

𝑅𝑅 3

𝜎𝜎

−𝜎𝜎

� 𝑙𝑙 𝐼𝐼 + 3 𝜎𝜎 𝑖𝑖𝑖𝑖𝑖𝑖+2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚
𝑟𝑟 3 𝑖𝑖
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𝑖𝑖𝑖𝑖𝑖𝑖

𝑚𝑚𝑚𝑚𝑚𝑚

𝑅𝑅 3

𝑧𝑧 𝑧𝑧
𝑟𝑟 5 𝑖𝑖𝑖𝑖

𝑚𝑚 𝑘𝑘

𝑧𝑧 𝐼𝐼𝑙𝑙𝑘𝑘 (36)

3𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖

𝐼𝐼𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 (𝑧𝑧) = 𝜎𝜎

𝐼𝐼𝑙𝑙𝑖𝑖

𝑖𝑖𝑖𝑖𝑖𝑖 +2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

.

(37)

In the case of nonconducting inclusion, when 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 = 0, the relationships Eqs. 36
and 37 imply
a) outside the sphere:

𝐼𝐼𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧)

b) inside the sphere:

𝐼𝐼

1 𝑅𝑅 3

3 𝑅𝑅 3

= �1 + 2 𝑟𝑟 3 � 𝑙𝑙𝑖𝑖 − 2 𝑟𝑟 5 𝑧𝑧𝑖𝑖𝑖𝑖 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 𝑙𝑙𝑘𝑘
𝐼𝐼𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 (𝑧𝑧) = 0 .

(38)

(39)

For the current 𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝑟 (𝑟𝑟) in the matrix along the line pointed to the center of the
sphere, the relationship Eq. 38 implies the following formula:
𝑅𝑅 3

𝐼𝐼𝑟𝑟𝑟𝑟𝑟𝑟 (𝑟𝑟) = 𝐼𝐼 𝑖𝑖 𝑙𝑙𝑖𝑖 = �1 − 𝑟𝑟 3 � 𝐼𝐼

.

(40)

In the case of superconducting inclusion, when 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 = ∞, the relationships Eqs. 36
and 37 imply
a) outside the sphere:

𝐼𝐼𝑖𝑖 𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧)

b) inside the sphere:

𝐼𝐼

𝑅𝑅 3

𝑅𝑅 3

(41)

.

(42)

= �1 − 𝑟𝑟 3 � 𝑙𝑙𝑖𝑖 + 3 𝑟𝑟 5 𝑧𝑧𝑖𝑖𝑖𝑖 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 𝑙𝑙𝑘𝑘
i
I inc
z 

I

 3l i

Also, the relationship Eq. 33 implies in the superconducting case

4.

𝜑𝜑𝑖𝑖𝑖𝑖𝑖𝑖 (𝑧𝑧) = 0

inside the sphere .

(43)

Exact Solution for the 2-D Problem

For the 2-D problem about a circular inclusion inside an infinite isotropic matrix
we are looking for the exact solution in the form:
1

and

𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) = �𝑎𝑎𝑖𝑖 𝑟𝑟 2 − 𝜎𝜎

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑖𝑖 � 𝑧𝑧 𝑖𝑖
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outside the circular inclusion (44)

𝜑𝜑𝑖𝑖𝑖𝑖𝑖𝑖 (𝑧𝑧) = 𝑘𝑘𝑖𝑖 𝑧𝑧 𝑖𝑖

We proceed as follows:

inside the circle .

1

𝛻𝛻𝑖𝑖 𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) = 𝑎𝑎𝑖𝑖 𝑟𝑟 2 − 𝜎𝜎

and

1

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

(45)

1

𝑙𝑙𝑖𝑖 − 2𝐴𝐴𝑚𝑚 𝑟𝑟 4 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 𝑧𝑧𝑖𝑖𝑖𝑖
1

(46)

1

𝛻𝛻𝑗𝑗 𝛻𝛻𝑖𝑖 𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) = −2𝑎𝑎𝑖𝑖 𝑟𝑟 4 𝑧𝑧𝑚𝑚𝑚𝑚 𝑧𝑧 𝑚𝑚 − 2𝑎𝑎𝑗𝑗 𝑟𝑟 4 𝑧𝑧 𝑘𝑘 𝑧𝑧𝑖𝑖𝑖𝑖 − 2𝑎𝑎𝑚𝑚 𝑟𝑟 4 𝑧𝑧 𝑘𝑘 𝑧𝑧𝑖𝑖𝑖𝑖
1

+8𝑎𝑎𝑚𝑚 𝑟𝑟 6 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 𝑧𝑧𝑖𝑖𝑖𝑖 𝑧𝑧𝑗𝑗𝑗𝑗 𝑧𝑧 𝑛𝑛

Using Eq. 47, we get

.

𝛻𝛻 𝑖𝑖 𝛻𝛻𝑖𝑖 𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) = 0 .

(47)

(48)

The boundary condition Eq. 6 remains unchanged
1

𝑎𝑎𝑖𝑖 𝑅𝑅2 − 𝑘𝑘𝑖𝑖 = 𝜎𝜎

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑖𝑖

.

(49)

The flux continuity condition Eq. 21 should be replaced with the following one:
1

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 �𝑎𝑎𝑖𝑖 𝑟𝑟 2 − 𝜎𝜎

1

𝐼𝐼

𝑙𝑙𝑖𝑖 − 2𝑎𝑎𝑚𝑚 𝑟𝑟 4 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 𝑧𝑧𝑖𝑖𝑖𝑖 � 𝑁𝑁 𝑖𝑖 = 𝐹𝐹𝑖𝑖 (𝑘𝑘𝑚𝑚 )𝑁𝑁 𝑖𝑖

𝑚𝑚𝑚𝑚𝑚𝑚

(50)

whereas Eq. 23 should be replaced with
1

or

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 �𝑎𝑎𝑖𝑖 𝑟𝑟 2 − 𝜎𝜎

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

1

𝑙𝑙𝑖𝑖 − 2𝑎𝑎𝑚𝑚 𝑟𝑟 4 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 𝑧𝑧𝑖𝑖𝑖𝑖 � 𝑧𝑧 𝑖𝑖 = 𝐹𝐹𝑖𝑖 (𝑘𝑘𝑚𝑚 )𝑧𝑧 𝑖𝑖

(51)

1

(52)

𝐼𝐼

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 �𝑎𝑎𝑖𝑖 𝑅𝑅2 + 𝜎𝜎

𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑖𝑖 � = −𝐹𝐹𝑖𝑖 (𝑘𝑘𝑚𝑚 )

.

𝑙𝑙𝑖𝑖 � = −𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 𝑘𝑘𝑖𝑖

.

In the case of a linear isotropic inclusion, the Eq. 24 should be replaced with the
following one:
1

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 �𝑎𝑎𝑖𝑖 𝑅𝑅2 + 𝜎𝜎

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

Eliminating 𝑎𝑎𝑖𝑖 between Eqs. 49 and 53, we get
and then

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝜎𝜎

2𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑖𝑖 = −(𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 + 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 )𝑘𝑘𝑖𝑖
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(53)

(54)

𝑘𝑘𝑖𝑖 = − 𝜎𝜎

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

𝜎𝜎

−𝜎𝜎

𝑖𝑖𝑖𝑖𝑖𝑖 +𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

Inserting Eqs. 55 in 49, we get

2𝐼𝐼

𝑙𝑙
𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝑖𝑖

.

(55)

𝐼𝐼

.

(56)

𝑎𝑎𝑖𝑖 = 𝑅𝑅 2 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 +𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝜎𝜎
𝑖𝑖𝑖𝑖𝑖𝑖

𝑚𝑚𝑚𝑚𝑚𝑚

𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑖𝑖

Combining Eqs. 44, 45, 55, and 56, we arrive at the following exact solution:
𝜎𝜎

and

−𝜎𝜎

𝑅𝑅 2

𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚 (𝑧𝑧) = �𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 +𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟 2 − 1� 𝜎𝜎
𝑖𝑖𝑖𝑖𝑖𝑖

𝑚𝑚𝑚𝑚𝑚𝑚

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑖𝑖 𝑧𝑧 𝑖𝑖

2

𝜑𝜑𝑖𝑖𝑖𝑖𝑖𝑖 (𝑧𝑧) = − 𝜎𝜎

outside the circular inclusion

𝑖𝑖𝑖𝑖𝑖𝑖 +𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

𝐼𝐼𝑙𝑙𝑖𝑖 𝑧𝑧 𝑖𝑖

inside the circle .

(57)

(58)

Using Eqs. 57 and 58, we arrive at the following relationships for the current
distribution:
a) outside the circular inclusion
𝐼𝐼𝑘𝑘 (𝑧𝑧)

b) inside the circle

𝐼𝐼

𝜎𝜎

−𝜎𝜎

𝑅𝑅 2

𝜎𝜎

−𝜎𝜎

𝑅𝑅 2

= 𝑙𝑙𝑘𝑘 − 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 +𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟 2 𝑙𝑙𝑘𝑘 + 2 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 +𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟 4 𝑧𝑧𝑗𝑗𝑗𝑗 𝑧𝑧 𝑗𝑗 𝑧𝑧 𝑖𝑖 𝑙𝑙𝑖𝑖
𝑖𝑖𝑖𝑖𝑖𝑖

𝑚𝑚𝑚𝑚𝑚𝑚

𝐼𝐼𝑘𝑘 (𝑧𝑧)

In the nondimensional form we get

𝐼𝐼

= 𝜎𝜎

𝑖𝑖𝑖𝑖𝑖𝑖

2𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖

𝑖𝑖𝑖𝑖𝑖𝑖 +𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

𝑚𝑚𝑚𝑚𝑚𝑚

.

𝑙𝑙𝑘𝑘

(59)

(60)

a) outside the circular inclusion
𝐼𝐼𝑘𝑘 (𝑧𝑧) 𝑘𝑘
𝑙𝑙
𝐼𝐼

and

Σ−1 𝑅𝑅 2

= 1 + Σ+1 𝑟𝑟 2 (2 cos2 Θ − 1)

(61)

𝐼𝐼𝑘𝑘 (𝑧𝑧) 𝑘𝑘
𝑙𝑙
𝐼𝐼

(62)

b) inside the circle

𝜎𝜎

1

where Σ = 𝜎𝜎 𝑖𝑖𝑖𝑖𝑖𝑖 and cos Θ = 𝑟𝑟 𝑧𝑧 𝑖𝑖 𝑙𝑙𝑖𝑖 .
𝑚𝑚𝑚𝑚𝑚𝑚

= 𝜎𝜎
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2𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖

𝑖𝑖𝑖𝑖𝑖𝑖 +𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

𝑙𝑙𝑘𝑘

5.

Evaluation and Visualization of Exact Solution for Spherical
Inclusion

The system with fixed current applied to a linear isotropic electroconducting
material with a spherical (Eqs. 32–37) or circular-prismatic (Eqs. 57–60) inclusion
lends itself well to visualization, since the exact solution has an explicit, closed
form. For convenience and brevity, we choose to visualize the spherical case, with
the further simplification that the fixed current imposed at the boundary is oriented
along the longitudinal axis 𝑧𝑧1 shown in Fig. 1. In this case, if the domain has a fixed
electrical conductivity, then Ohm’s law implies that boundary conditions
prescribing the far-field current density 𝐼𝐼 at infinity are interchangeable with an
ambient electric field 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 .
For purposes of visualization, we redefine the coordinate system as 𝑧𝑧1 → 𝑧𝑧 and
(𝑧𝑧22 + 𝑧𝑧32 )1/2 → 𝑟𝑟. We have now changed the meaning of 𝑟𝑟 relative to the text
above, and within this axisymmetric coordinate system the radial distance from the
sphere center is renamed as 𝜌𝜌 = √𝑟𝑟 2 + 𝑧𝑧 2 . If the material conductivity is isotropic,
then cylindrical symmetry is ensured. If a voltage drop is applied between the ±𝑧𝑧
ends of the domain, a steady current flows in the 𝑧𝑧 direction, around and across the
inclusion.

The electric potential for the case of a spherical inclusion with linear isotropic
materials is given in Eqs. 32 and 33. With the previous assumptions, we can rewrite
𝐼𝐼𝑙𝑙𝑖𝑖 as 𝐼𝐼𝑧𝑧̂ , and 𝐼𝐼𝑙𝑙𝑖𝑖 𝑧𝑧 𝑖𝑖 as 𝐼𝐼𝐼𝐼. Then Eqs. 32 and 33 for the electric potential can be
written as
𝜎𝜎

−𝜎𝜎

𝜑𝜑(𝑟𝑟, 𝑧𝑧) = �𝜎𝜎 𝑖𝑖𝑖𝑖𝑖𝑖+2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

𝜑𝜑(𝑟𝑟, 𝑧𝑧) = − 𝜎𝜎

𝑖𝑖𝑖𝑖𝑖𝑖

3𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

𝑚𝑚𝑚𝑚𝑚𝑚

𝑅𝑅 3

𝜌𝜌(𝑟𝑟,𝑧𝑧)3
𝐼𝐼

𝑖𝑖𝑖𝑖𝑖𝑖 +2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

𝑧𝑧,

− 1� 𝜎𝜎

𝐼𝐼

𝑚𝑚𝑚𝑚𝑚𝑚

𝑧𝑧,

𝜌𝜌 ≥ 𝑅𝑅

𝜌𝜌 ≤ 𝑅𝑅 .

(63)
(64)

We also define an equivalent boundary condition on the electric field at infinity,
given by 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 = 𝐼𝐼/𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 . To simplify the notation further, we introduce field
distortion factors due to the sphere’s presence for radial location 𝜌𝜌 outside or inside
the sphere radius 𝑅𝑅:
𝜎𝜎

−𝜎𝜎

𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜 = 𝜎𝜎 𝑖𝑖𝑖𝑖𝑖𝑖+2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

𝐷𝐷𝑖𝑖𝑖𝑖 = 𝜎𝜎

𝑖𝑖𝑖𝑖𝑖𝑖

3𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

𝑚𝑚𝑚𝑚𝑚𝑚

𝑖𝑖𝑖𝑖𝑖𝑖 +2𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚

Then, we have the following equations:
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(65)

.

(66)

𝑅𝑅 3

𝜑𝜑(𝑟𝑟, 𝑧𝑧) = �𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜 𝜌𝜌3 − 1� 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 𝑧𝑧,

𝜑𝜑(𝑟𝑟, 𝑧𝑧) = −𝐷𝐷𝑖𝑖𝑖𝑖 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 𝑧𝑧,

𝜌𝜌 ≥ 𝑅𝑅

(67)

𝜌𝜌 ≤ 𝑅𝑅 .

(68)

𝜌𝜌 > 𝑅𝑅

(69)

Similarly, Eqs. 34 and 35 for the electric field can be rewritten. The 𝑧𝑧𝑖𝑖𝑖𝑖 appearing
in Eq. 34 is equivalent to the Kronecker delta function. For our axisymmetric
geometry and current oriented along 𝑧𝑧̂ , we can rewrite the quantity 𝑧𝑧𝑖𝑖𝑖𝑖 𝑧𝑧 𝑚𝑚 𝑧𝑧 𝑘𝑘 𝑙𝑙𝑘𝑘 in
Eq. 34 as 𝑧𝑧 2 𝑧𝑧̂ + 𝑧𝑧𝑧𝑧𝑟𝑟̂ . We also shift from indicial notation to vector notation. Thus,
we have
3

3

𝑅𝑅
𝑅𝑅
𝐸𝐸�⃗ (𝑟𝑟, 𝑧𝑧) = �1 − 𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜 𝜌𝜌3 � 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 𝑧𝑧̂ + 3𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜 𝜌𝜌5 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 (𝑧𝑧 2 𝑧𝑧̂ + 𝑧𝑧𝑧𝑧𝑟𝑟̂ ),

𝐸𝐸�⃗ (𝑟𝑟, 𝑧𝑧) = 𝐷𝐷𝑖𝑖𝑖𝑖 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 𝑧𝑧̂ ,

𝜌𝜌 < 𝑅𝑅 . (70)

If we define a unit vector 𝜌𝜌� in the radial direction relative to the sphere center, then
Eq. 70 can also be written conveniently in nondimensional form as
𝐸𝐸�⃗(𝑟𝑟,𝑧𝑧)
𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓

𝑅𝑅 3

𝑧𝑧

= 1 + 𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜 𝜌𝜌3 �−𝑧𝑧̂ + 3 𝜌𝜌 𝜌𝜌�� ,

𝜌𝜌 > 𝑅𝑅 .

(71)

Finally, for the current density field, we can make similar substitutions in Eqs. 36
and 37 to obtain
𝑅𝑅 3

𝑅𝑅 3

𝐼𝐼⃗(𝑟𝑟, 𝑧𝑧) = �1 − 𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜 𝜌𝜌3 � 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 𝑧𝑧̂ + 3𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜 𝜌𝜌5 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 (𝑧𝑧 2 𝑧𝑧̂ + 𝑧𝑧𝑧𝑧𝑟𝑟̂ ), 𝜌𝜌 > 𝑅𝑅 (72)
𝐼𝐼⃗(𝑟𝑟, 𝑧𝑧) = 𝐷𝐷𝑖𝑖𝑖𝑖 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 𝑧𝑧̂ ,

𝜌𝜌 < 𝑅𝑅 . (73)

We note that inside the spherical inclusion (𝜌𝜌 < 𝑅𝑅), these conditions hold:
•
•

The electric potential is a function of 𝑧𝑧 only.

The electric field and current density are uniform and oriented in the
𝑧𝑧̂ -direction only.

Distances in this problem scale with 𝑅𝑅, so we choose 𝑅𝑅 = 1 m as the inclusion
radius for our visualization. We then apply an electric field at infinity 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 = 100
V/m oriented in the +𝑧𝑧 direction (+ voltage on the left, – voltage on the right), and
plot the solution over a spatial domain with a width equal to several sphere radii in
each direction. The two extreme configurations are plotted in Fig. 2: a strongly
insulating inclusion (𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 ≪ 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 ) and a strongly conducting inclusion (𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 ≫
𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 ). The matrix conductivity is 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚 = 1 S/m in both cases. An insulating
inclusion is modeled by 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 = 10−9 S/m, a conductor by 𝜎𝜎𝑖𝑖𝑖𝑖𝑖𝑖 = 10+9 S/m.
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For an insulating sphere included in a relatively electroconducting medium, the
field-distortion factors asymptote to their limits: 𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜 → −0.5 and 𝐷𝐷𝑖𝑖𝑖𝑖 → 1.5. This
implies that the electric field inside the insulating inclusion asymptotes to 1.5 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 .
Electric field lines will tend to diverge or bulge around the inclusion, while
equipotential lines (contours of 𝜑𝜑), which are everywhere normal to the electric
field, will tend to be pulled into the sphere. The analytic solution for this
configuration is plotted in Fig. 2a. Equipotentials are shown as curves colored by
the magnitude of 𝜑𝜑. The electric field is indicated by red arrows whose length is
proportional to the field magnitude.

For a conducting sphere included in a relatively insulating matrix, the
field-distortion factors asymptote to their limits: 𝐷𝐷𝑜𝑜𝑜𝑜𝑜𝑜 → 1 and 𝐷𝐷𝑖𝑖𝑖𝑖 → 0. This
implies that the electric potential and electric field inside the conducting inclusion
both asymptote to zero. Electric field lines will tend to converge into the inclusion,
while equipotential lines will tend to be pushed out of the inclusion. The analytic
solution for this configuration is plotted in Fig. 2b

(a)

(b)

Fig. 2
Equipotential lines and electric field vectors for the analytic solution given in
Eqs. 67–70 for a) a strongly insulating inclusion and b) a strongly conducting inclusion

For both of these scenarios, the analytic solution shows a region of field distortion
around the inclusion, with a uniform, horizontal field inside the inclusion that is
enhanced with respect to the far field by the insulating inclusion and suppressed by
the conducting inclusion. The region of visible field distortion extends to a few radii
outside the inclusion. There is a nonzero distortion of the field even at very great
distances from the inclusion. Equations 40 and 71 indicate this distortion falls off
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as 𝜌𝜌−3. Evaluating the solution at 𝑧𝑧 = 10𝑅𝑅, we calculate that the nominal
equipotential curve shifts by less than 𝑅𝑅/1000.

6.

Finite-Element Simulation Setup

For the case of linear isotropic materials inside and outside the inclusion, the finiteelement electromagnetics simulation code ALEGRA can be used to compute
approximate solutions to this problem. The computed solutions for a spherical
inclusion can be compared directly with the closed-form solutions appearing in
Eqs. 32–37, restated in Eqs. 63–73. This serves two purposes: 1) to verify the exact
solutions computed here are consistent with those generated numerically and 2) to
provide the groundwork for future verification of ALEGRA and codes like it for
this class of problems.
As described in Grinfeld et al.,10 Grinfield and Niederhaus,11 and Robinson et al.,14
ALEGRA is a multiphysics, multimaterial finite-element simulation code that can
be used to model resistive magnetohydrodynamics and electromechanics in two or
three dimensions (2-D or 3-D). Similar to the previous verification studies in
Grinfeld et al.10 and Grinfeld and Niederhaus,11 here we use only the “transient
magnetics” module from the 3-D electromagnetics portion of the code, leaving any
concept of material motion or mechanics out of the simulation. In this portion of
ALEGRA, the transient eddy-current diffusion equation is solved using implicit
time integration on a 3-D mesh of hexahedral finite elements. The spatial
discretization places magnetic flux on element faces and electric field circulation
on elements edges, forming a “mimetic” or “compatible” discretization that allows
the physical and mathematical properties of Maxwell’s laws to be preserved more
rigorously. This discretization has been described and evaluated extensively
elsewhere.
The simulation is created as an initial boundary value problem in Cartesian (𝑥𝑥, 𝑦𝑦, 𝑧𝑧)
space. The problem is rotated such that the far-field electric field and current
density lie along the 𝑥𝑥-axis. At time zero, the electric current is zero everywhere.
The electrical conductivity 𝜎𝜎 is specified everywhere in the domain, associated with
the local material composition. The 𝑥𝑥 = 0 plane of symmetry is defined as ground
(𝜑𝜑 = 0), and a fixed driving voltage 𝜑𝜑0 = −𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥𝑚𝑚𝑚𝑚𝑚𝑚 is applied to the maximum
𝑥𝑥 boundary for all time. On these specified-voltage surfaces, the electric field is
constrained to be everywhere normal to the boundary: 𝐸𝐸�⃗ × 𝑛𝑛� = 0. These
boundaries are shown below in Fig. 3a as gray-shaded surfaces. On the lateral
(−𝑦𝑦, +𝑦𝑦, −𝑧𝑧, +𝑧𝑧) boundary surfaces, the electric field is constrained to be tangent
to the boundary: 𝐸𝐸�⃗ ⋅ 𝑛𝑛� = 0. These boundaries are unshaded in Fig. 3a.
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(a)

(b)

Fig. 3
a) ALEGRA simulation domain configuration and boundary conditions, with
symmetry imposed and fixed-voltage boundaries shown in gray; b) simulation mesh
configuration’s net current flow and voltage gradient are oriented in the +𝒙𝒙 direction

With exterior boundaries sufficiently far from the inclusion, this sets up a uniform
electric field equal to 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 outside the region distorted by the inclusion. The
simulation starts up and runs until a stationary flow of current is reached, and this
solution is compared with the analytic solution described previously. A constant
time-step size of 0.5 µs is used, but for the insulating case the stationary state is
reached in less than one time step.

Two simplifications are made to the model here. First, we apply the “low magnetic
Reynolds number” (“low Rm”) approximation in ALEGRA.15–17 In this
approximation, the contribution to the current density due to a time-changing
magnetic field is assumed to be small relative to the contribution due to the
electric-field gradient. The magnetic field can then be dropped from the system
completely, and instead of the eddy-current diffusion equation, only this equation
is solved on each time step:
∇ ⋅ 𝜎𝜎∇𝜑𝜑 = 0 .

(74)

This equation is much less computationally expensive to solve and allows the use
of more convenient electric-potential boundary conditions (“potential drive”) for
the present case. Without this approximation, boundary conditions on the magnetic
field would be required, and this would imply the need for a magnetized space
outside the conducting region. Applying this approximation does not eliminate the
possibility to study the effect of Joule heating, which is still included in the model.
The second simplification is that axial and lateral symmetry is applied when
choosing the domain for simulation. The “low Rm” approximation is only available
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in 3-D in ALEGRA, so the simulation cannot take advantage of the inherent
axisymmetry of the problem. Instead, symmetry about all three coordinate-aligned
midplanes of the spherical inclusion is assumed. Thus, the simulation domain need
only enclose a one-eighth sector of the insulating sphere inclusion, along with the
conducting region extending out to one of the voltage boundaries. This
configuration of the simulation domain in shown in Fig. 3a.
A hexahedral mesh is generated for the simulation, with block boundaries
conforming to the spherical surface of the inclusion, and all elements thus
containing only pure material. No mixed-material elements are included. A coarse
version of this mesh is shown in Fig. 3b. To make the boundary geometry consistent
with the selected 𝐸𝐸�⃗ × 𝑛𝑛� = 0 boundary conditions on the electric field, the +𝑥𝑥
boundary of the mesh is additionally made conformal to equipotential curves from
the exact solution, and the +𝑦𝑦 and +𝑧𝑧 boundaries are made conformal to the electric
field lines from the exact solution. These adjustments to the mesh are on the order
of microns in magnitude for the geometry used here. They are not visible in this
macroscopic view of the mesh, where the boundaries appear to be flat. But analysis
(not included here) has shown that these adjustments eliminate boundary errors that
would otherwise be comparable in magnitude to the interior errors for sufficiently
high resolution. Without them, a prohibitively large distance is required between
the exterior boundaries and distorted-field region around the inclusion.

7.

Finite-Element Solution

Using the mesh and simulation settings described in Section 6, an ALEGRA
simulation is performed for the insulating inclusion case. We use a sphere radius
𝑅𝑅 = 1 m and a driving voltage 𝜑𝜑0 = −5𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 𝑅𝑅 = −500 V, with all exterior
boundaries located at a distance of 5 inclusion radii (5 m) from the origin. This
effectively imposes an exterior electric field 𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 = 100 V/m. The sphere and
exterior conductivities are 10–9 and 1.0 S/m, respectively.

The mesh resolution is designated by the number of elements 𝑁𝑁 spanning the sphere
radius. A linear bias extends outward from the sphere surface to the boundaries.
The mesh shown in Fig. 3b is for 𝑁𝑁 = 8 for simplicity, but calculations are
performed for resolution as high as 𝑁𝑁 = 64.

The results of the ALEGRA simulation at 𝑁𝑁 = 64 are shown in Fig. 4. In this view,
the simulation domain is shown only on the 𝑧𝑧 = 0 plane, and then reflected about
the symmetry planes in order to visualize four parameters of the solution. Included
in this plot is the volumetric rate of Joule heating, 𝐼𝐼⃗ ⋅ 𝐸𝐸�⃗ . This quantity has units of
power per unit volume, and it describes the rate at which heat is deposited locally
due to current flow through material with finite conductivity. The ALEGRA
16

simulation here is done with Joule heating disabled, to preserve the stationary
nature of the final solution. (Thermal conduction is also excluded.) Instead, 𝐼𝐼⃗ ⋅ 𝐸𝐸�⃗ is
computed here as a postprocessing step for comparison with the analytic solution.

Electric potential, 𝜑𝜑

Electric field, 𝐸𝐸�⃗

Current density, 𝐼𝐼�⃗

Joule heating, 𝐼𝐼⃗ ⋅ 𝐸𝐸�⃗

Fig. 4
ALEGRA solution computed for the insulating-sphere case with 𝑹𝑹 = 𝟏𝟏 m, 𝑬𝑬𝒇𝒇𝒇𝒇𝒇𝒇 =
𝟏𝟏𝟏𝟏𝟏𝟏 V/m, 𝝋𝝋𝟎𝟎 = −𝟓𝟓𝟓𝟓𝟓𝟓 𝑽𝑽, and 𝑵𝑵 = 𝟔𝟔𝟔𝟔 elements spanning the sphere radius

Shown in Fig. 4 are these variables from the ALEGRA simulation (in clockwise
order from the top left): electric potential 𝜑𝜑, electric field magnitude |𝐸𝐸�⃗ |,
currentdensity magnitude |𝐼𝐼⃗|, and rate of Joule heating, 𝐼𝐼⃗ ⋅ 𝐸𝐸�⃗ . (These are noted as
PHI, ECIRCE Magnitude, JE Magnitude, and JdotE in the figure.) For the electric
field and current density, streamlines of the vector fields are overlaid as well. For
the electric potential, a discrete stepped color mapping is used so that equipotential
lines are visible as boundaries among color gradations.
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As expected, the ALEGRA solution shows the same qualitative features as the
analytic solution for the insulating case, with electric field lines diverging around
the inclusion and equipotential lines bunching up in the vicinity. We also see that
within the insulating inclusion, the electric potential is a function of 𝑥𝑥 only, and the
electric field and current density are uniform—as expected from the analytic
solution discussed previously. We have confirmed that, under refinement of the
mesh, the interior electric-field magnitude and the maximum exterior value
approach the analytical value of 1.5𝐸𝐸𝑓𝑓𝑓𝑓𝑓𝑓 = 150 V/m. We also observe that the
Joule heating is concentrated in a region immediately exterior to the “equator” of
the spherical inclusion, where the maximum volumetric Joule heating power in the
simulation is found to be 𝜎𝜎�𝐸𝐸�⃗ ⋅ 𝐸𝐸�⃗ � = 1.0 × 150 × 150 = 22.5 kW/m3.
Finally, pointwise errors are computed in the ALEGRA solution with respect to
several variables from the analytic solution described above for the spherical
insulating inclusion. The local difference with respect to the analytic values,
normalized by the far-field value, is shown in Fig. 5 for the following variables,
laid out in clockwise order (like Fig. 4) from the top left: electric potential 𝜙𝜙,
electric field magnitude |𝐸𝐸�⃗ |, current density magnitude |𝐼𝐼⃗|, and rate of Joule
heating, 𝐼𝐼⃗ ⋅ 𝐸𝐸�⃗ . We see the maximum errors are on the order of 10−4 or 0.01% for
𝑁𝑁 = 64, and these are concentrated near the material interface. For the electric field
and the electric potential, smaller but still significant errors are present in the sphere
interior. Further, in analysis not shown here, we found that for the electric field and
current density, the errors decay as 1/𝑁𝑁 2 under refinement of the mesh.
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Electric potential, 𝜑𝜑

Electric field, 𝐸𝐸�⃗

Joule heating, 𝐼𝐼⃗ ⋅ 𝐸𝐸�⃗

Current density, �𝐼𝐼⃗

Fig. 5
Fractional error in ALEGRA solution computed for the insulating-sphere case with
𝑹𝑹 = 𝟏𝟏 m, 𝑬𝑬𝒇𝒇𝒇𝒇𝒇𝒇 = 𝟏𝟏𝟏𝟏𝟏𝟏 V/m, 𝝋𝝋𝟎𝟎 = −𝟓𝟓𝟓𝟓𝟓𝟓 𝑽𝑽, and 𝑵𝑵 = 𝟔𝟔𝟔𝟔 elements spanning the sphere radius;
fractional error is computed relative to the analytic value and normalized to the far-field value

There are significant errors in the Joule heating, and they can have either sign:
overheating or underheating. But, they are preferentially located in the conducting
material near the interface. The presence of these errors is remarkable for several
reasons. On one hand, these errors are expected because ALEGRA does not allow
for the natural interface conditions on the normal and tangential components of the
electromagnetic fields to be imposed locally in the domain interior. This was also
observed and discussed in Grinfield and Niederhaus.11 (Such conditions would be
impractical for magnetohydrodynamic [MHD] simulations with motion,
particularly for Eulerian meshes.) On the other hand, in that work11 these errors
were attributed to mixed-material elements. But in this mesh, there are no mixedmaterial elements. Thus, we observe that even with pure materials, and a mesh that
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is conformal to interfaces, there are nonzero errors in the local rate of Joule heating.
In MHD simulations that couple electromagnetic fields to the dynamics and
thermodynamics of moving media, these errors could produce significant
anomalies, particularly if the local heating can affect the local electrical
conductivity, which may lead to very large, localized, and possibly spurious rates
of heating or cooling.
This comparison to analytic solutions is being extended to the conducting sphere
case, to rectangular meshes with mixed-material elements, and to other simulation
options, including advanced Joule heating variants. The analysis lends itself well to
rigorous verification, since spatial norms of the errors shown in Fig. 5 could be
incorporated into a convergence study with respect to mesh refinement. These error
norms would need to account for subgrid variation of both the finite-element
solution and the exact solution, which could be challenging, particularly when
mixed-material elements are present. But convergence rates for the various
ALEGRA simulation configurations could be studied, providing a quantitative
basis for use of these options in ALEGRA simulations for other applications.

8.

Conclusion

We applied the Eshelby technique to the exact analysis of the steady-state electric
current in the unbounded linear isotropic matrix containing a spherical inclusion.
Contrary to the matrix, the uniform inclusion can be anisotropic and even nonlinear.
Even in this multimaterial domain, the technique allowed us to obtain a relatively
simple, closed-form analytic solution for the case of linear isotropic material in the
inclusion that allows us to study Joule heating in particular. Simulations with the
ALEGRA code for one realization of the problem agreed with the analytical
solution to within 10−4 relative to the far-field values. This was true for all four
variables studied, including the rate of Joule heating.
While this agreement is very close, we also note that the mesh used in the ALEGRA
simulation was body-fitted, and for engineering calculations it may not be possible
to use a conformal body-fitted mesh. The closed-form analytic solutions generated
here provide a convenient groundwork for future verification of ALEGRA
simulations that do not benefit from body-fitted meshes, which should allow a
clearer understanding of the nature and magnitude of Joule heating errors for those
situations to be gained.
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List of Symbols, Abbreviations, and Acronyms
2-D

2-dimensional

3-D

3-dimensional

ALEGRA

Arbitrary Lagrangian-Eulerian General Research Application

MHD

magnetohydrodynamic
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